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1 Introduction
This paper defines a symplectic form on the infinite dimensional Fre´chet manifold of
framed curves of fixed length over a three dimensional simply connected Riemannian
manifold of constant curvature. The framed curves are anchored at the initial point
and are further constrained by the condition that the tangent vector of the projected
curve coincides with the first leg of the orthonormal frame. Such class of curves are
called anchored Darboux curves and in particular include the Serret-Frenet framed
curves.
The symplectic form ω is defined on the universal covers of the orthonormal frame
bundles of the underlying manifolds: SL2(C) for the hyperboloid H
3, SU2 × SU2 for
the sphere S3, and the semidirect product E3 ⊲ SU2 for the Euclidean space E
3. The
form ω is left invariant on each of the above groups, and is induced by the Poisson-
Lie bracket on the appropriate Lie algebra. More precisely, the form ω in each of
the above non-Euclidean cases is defined on the Cartan space p corresponding to the
decomposition
g = p+ k
of the Lie algebra g subject to the usual Lie algebraic relations
[p, p] = k, [p, k] = p, [k.k] = k
In the case of the hyperboloid g is equal to sl2(C) and the Cartan space is equal to
the space of the Hermitian matrices h, and in the case of the sphere g is equal to
su2×su2 and the Cartan space is isomorphic to the space of skew-Hermitian matrices
k. In each case the maximal compact subalgebra k is equal to the Lie algebra of skew
Hermitian matrices. The symplectic forms in each of these two cases are isomorphic
1
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to each other as a consequence of the isomorphism between k and h given by ih = k.
The Euclidean space E3 is identified with h equipped with the metric defined by the
trace form, and its framed curves are represented in the semidirect product h ⊲ k.
The Euclidean Darboux curves inherit the hyperbolic symplectic form ω which is
isomorphic to the symplectic form used by J. Millson and B. Zombro in ([17]).
Each group G mentioned above is a principal SU2 bundle over the underlying
symmetric space with a natural connection defined by the left invariant vector fields
that take values in the Cartan space p. The vertical distribution is defined by the
left invariant vector fields that take their values in k. In this setting then, anchored
Darboux curves are the solutions g(s) ∈ G of a differential equation
dg
ds
(s) = g(s)(E1 + u1(s)A1 + u(s)A2 + u3(s)A3) (1)
with g(0) = I, where E1 is a fixed unit vector in the Cartan space p. The matrices
A1, A2, A3 denote the skew-Hermitian Pauli matrices, and u1(s), u2(s), u3(s) are arbi-
trary real valued functions on a fixed interval [0, L]. Each anchored Darboux curve
defines a horizontal Darboux curve h(s) ∈ G that is a solution of the differential
equation
dh
ds
(s) = h(s)Λ(s), Λ(s) = R(s)E1R
−1(s) (2)
with R(s) the solution curve in SU2 of the equation
dR
ds
= R(s)(u1(s)A1 + u2(s)A2 + u3(s)A3) (3)
that satisfies R(0) = I. The symplectic form for the hyperbolic Darboux curves is
given by
ωΛ(V1, V2) =
1
i
∫ L
0
〈Λ(s), [U1(s), U2(s)]〉 ds (4)
with U1(s) and U2(s) Hermitian matrices orthogonal to the tangent vector Λ(s), that
further satisfy Uj(0) = 0 and
dVj
ds
(s) = Uj(s) for j = 1, 2.
In the spherical case the symplectic form has the same form as in the hyperbolic
case, except for the factor 1
i
, which is omitted. The matrices Uj in this case take
values in k and satisfy
dVj
ds
(s) = [Λ(s), Vj(s)] + Uj(s)
for j = 1, 2.
The second part of the paper is devoted to the Hamiltonian flow associated with
the function
f(g(s)) =
1
2
∫ L
0
||
dΛ
ds
(s)||2 ds =
1
2
∫ L
0
κ2(s) ds
where g denotes a frame-periodic horizontal Darboux periodic curve, i.e., a Darboux
curve for which the solution R(s) of equation (3) is periodic . Here κ(s) denotes the
curvature of the projected curve x(s) in the underlying symmetric space.
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On the level of Lie algebras, the Hamiltonian flow induced by the symplectic form
ω generates Heisenberg’s magnetic equation in the Cartan space p given by
∂Λ
∂t
(s, t) = 1
i
[Λ(s), ∂
2Λ
∂s2
(s, t)] (5)
in the hyperbolic and the Euclidean case, and by
∂Λ
∂t
(s, t) = [Λ(s),
∂2Λ
∂s2
(s, t)]
in the spherical case.
The corresponding frame R(s, t) defines a complex function
ψ(s, t) = u(s, t) exp(i
∫ s
0
u1(x, t) dx) (6)
with u(s, t) = u2(s, t) + iu3(s, t) that is a solution of the non-linear Schroedinger’s
equation
−i∂ψ
∂t
(t, s) = ∂
2ψ
∂s2
(t, s) + 1/2|ψ(t, s)|2(ψ(t, s) + c) (7)
(Theorem 9).
This finding clarifies a remarkable observation of H. Hasimoto ([8]) that the func-
tion
ψ(s, t) = κ(s, t) exp(i
∫ s
0
τ(x, t) dx)
where κ(t, s) and τ(t, s) are the curvature and the torsion of a curve γ(t, s)) that
evolves according to to the filament equation
∂γ
∂t
(t, s) = κ(t, s)B(t, s) (8)
is a solution of the non-linear Schroedinger equation
−i
∂ψ
∂t
(t, s) =
∂2ψ
∂s2
(t, s) + 1/2|ψ(t, s)|2(ψ(t, s) + c)
for some complex constant c. Indeed, when the frame R(s) in equation (3) is a Serret-
Frenet frame then ψ given by (6) coincides with Hasimoto’s function up to a unitary
constant.
The curves that correspond to the critical points of f = 1
2
∫ L
0
κ2(s) ds are called
elastic. The material in Section 5 shows that the elastic curves with periodic cur-
vatures always generate periodic soliton solutions for the non-linear Schroedinger’s
equation. The extremal equations associated with elastic curves, obtained through
the Hamiltonian formalism of Lie groups, provide for easy transitions to solitons:
The Hamiltonian system associated with elastic curves is completely integrable
having four integrals of motion: the Hamiltonian itself, which may be regarded as
the energy of the elastic curve, two Casimirs, and another integral of motion H1 due
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to an extra symmetry in the system. The elastic curves that generate solitons reside
on a fixed energy level and propagate with the speed equal to H1. The fact that
the equations for the heavy top form an invariant subsystem of the equations for the
elastic curves ([10] and [11]) makes the connection between elastic curves and solitons
even more intriguing: the speed of the soliton corresponds to the angular momentum
along the axis of symmetry for the top of Lagrange.
The formalism of this paper suggests that there is a class of functions f0, f1, f2 . . .
over the space of Darboux curves that begins with f0 =
1
2
∫ L
0
κ2(s) ds having the
property that any two functions Poisson commute. It is shown in the paper that f1
and f2 given by
f1 = i
∫ L
0
〈[Λ(s),
dΛ
ds
(s)],
d2Λ
ds2
(s)〉 ds, f2 =
∫ L
0
(||Λ¨(s)||2 −
5
4
||Λ˙(s)||4) ds
are in this class.
The above funtions can be expressed either in terms of the geometric invariants
of the underlying Darboux curve as:
f1 =
∫ L
0
κ2(s)τ(s) ds, f2 =
∫ L
0
(
∂κ
∂s
(s)2 + κ2(s)τ 2(s)−
1
4
κ4(s)) ds
in which case they agree with the first three functions on the list presented by J.
Langer and R. Perline in ([14]), or they can be expressed in terms of the complex
function u(s) defined by equation (6) as f0 =
1
2
∫ L
0
|u(s)|2 ds and
f1 =
1
2i
∫ L
0
(u¯u˙− u ˙¯u) ds, f2 =
∫ L
0
(|
∂u
∂s
(s, t)|2 −
1
4
|u(s, t)|4) ds
in which case they correspond to the first three conserved quantities, the number of
particles, the momentum and the energy, in the paper by C.Shabat and V. Zakharov
in ([18]).
The paper is organized as follows. The first part of the paper leads up to the sym-
plectic form. The fact that the sphere S3 is the same as the unitary group SU2 makes
the presentation slightly more accessible for the sphere than for the hyperboloid; for
that reason the paper begins with the geometric preliminaries on SU2 required for
the definition of the symplectic form for the spherical Darboux curves. This material
is presented in Section 2. The analogous material for the hyperbolic Darboux curves
is presented in Section 3.
The second part of the paper begins with Section4 and is devoted to the Hamilto-
nian flow corresponding to f0 =
1
2
∫ L
0
κ2(s) ds. This section also contains a discussion
of the Euclidean symplectic form and its connection to the existing results in the lit-
erature. Section 5 deals with elastic curves and the soliton solutions for the non-linear
Schroedinger’s equation. The final section (Section 6) contains a brief discussion of
the hierarchy of Poisson commuting functions and their connections to the hierarchies
presented in ([14] and [18]).
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2 Darboux curves on the sphere and their sym-
plectic form
2.1 Notations and geometric preliminaries
The three dimensional sphere S3 = {x ∈ R4 : x20+x
2
1+x
2
3+x
2
4 = 1} can be represented
either by the unit quaternions or by the matrices X =
(
z w
−w¯ z¯
)
with z = x0+ ix1,
w = x2 + ix3 and |z|
2 + |w|2 = 1. The most direct way to these representations is
through the identification of points x = (xo, x1, x2, x3) in R
4 with the matrices
X = x0I + x1E1 + x2E2 + x3E3 =
(
x0 + ix1 x2 + ix3
−x2 + ix3 x0 − ix1
)
where
E1 =
(
i 0
0 −i
)
, E2 =
(
0 1
−1 0
)
, E3 =
(
0 i
i 0
)
. Matrices E1, E2, E3 conform to the relations
E21 = E
2
2 = E
2
3 = −I,
E1E2 = E3, E3E1 = E2, E2E3 = E1
and can be identified with i, j, k, the standard basis for the imaginary quaternions.
The sphere S3 then is equal to the set of matrices X = x0I + x1E1 + x2E2 + x3E3
whose determinant Det (X) = 1. Alternatively, the sphere could also be defined as
the group of 2 × 2 matrices g with complex entries whose inverses g−1 are equal to
their Hermitian transposes g∗. This group is called the special unitary group and is
traditionally denoted by SU2.
However, in this paper the special unitary group shall be denoted by K for ad-
ditional simplicity in notation. The Lie algebra of K denoted by k consists of the
matrices
A =
(
ix1 u2 + ix3
−x2 + ix3 −ix1
)
with x1, x2, x3 arbitrary real numbers. The Lie bracket [A,B] is defined by [A,B] =
BA − AB for A and B in k . The tangent vectors at any point X of K shall be
represented by matrices XA with A ∈ k, and the tangent bundle TK of K shall be
represented by the product K × k in terms of the left-invariant vector fields X →
XA, A ∈ k.
Definition 2.1 Matrices
A1 =
1
2
(
i 0
0 −i
)
, A2 =
(
0 1
−1 0
)
, A3 =
(
0 i
i 0
)
(9)
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shall be known as the Pauli matrices.
The Pauli matrices form a basis for k and conform to the following Lie bracket
relations:
[A1, A2] = −A3, [A1, A3 = A2, [A2, A3] = −A1 (10)
Definition 2.2 The trace form is a quadratic form on k defined by
〈A,B〉 = −2Tr(AB) (11)
for any matrices A,B in k, where Tr(AB) denotes the trace of AB.
It follows that
〈A,B〉 =
∑
uivi
whenever
A =
∑
uiAi and B =
∑
viAi.
Therefore, the trace form is positive definite on k, and the matrices A1, A2, A3 form
an orthonormal basis in k. Then,
||A|| =
√
〈A,A〉 =
√
u21 + u
2
2 + u
2
3
for any matrix A =
∑
uiAi.
The trace form, in addition, satisfies these invariance properties:
〈A, [B,C]〉 = 〈[A,B], C〉, and 〈gAg∗, gBg∗〉 = 〈A,B〉 (12)
for any matrices A,B,C in k, and any g in K.
The Riemannian structure of the sphere, inherited from the Euclidean inner prod-
uct (x, y) in R4 is related to the trace form according to the following lemma.
Lemma 1 Suppose that dX1
ds
(0) = XA and dX2
ds
(0) = XB denote tangent vectors at
X represented by the curves X1(s) and X2(s) in K. Then,
(dx1
ds
(0), dx2
ds
(0)) = 4〈A,B〉. (13)
Proof. For each matrix X = x0I + x1E1 + x2E2 + x3E3 the companion matrix
X† is defined by
X† = x0I − x1E1 − x2E2 − x3E3 =
(
x0 − ix1 −x2 − ix3
x2 − ix3 x0 + ix1
)
Evidently, X† = −X when X belongs to k, and
1
2
(XY † + Y X†) = (x, y)I, (14)
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as can be verified by an easy calculation.
Therefore,
(
dx1
ds
(0),
dx2
ds
(0))I =
1
2
((
dX1
ds
(0))(
dX2
ds
(0))† + (
dX2
ds
(0))(
dX1
ds
(0))†)
=
1
2
((XA)(XB)† + (XB)(XA)†) =
1
2
(AB† +BA†)
= −
1
2
(AB +BA) = 4〈A,B〉
Definition 2.3 The group K shall be considered a Riemannian manifold with its
Riemannian metric given by the trace form.
It follows that the length l(X) of any curve X(s), s ∈ [0, L] is given by
l(X) =
∫ L
0
||Λ(s)|| ds,
where Λ(s) = X(s)∗ dX
ds
(s). The length l(X) is equal to half the length of the Euclidean
metric in R4 given by the usual formula
∫ L
0
(dx
ds
(s), dx
ds
(s))
1
2 ds
Definition 2.4 The covariant derivative of a curve of tangent vectors v(s)) = X(s)B(s)
along a curve X(s) is defined by
DX
ds
(V )(s) = X(s)(
dB
ds
(s) +
1
2
[A(s), B(s)])
where A(s) = X∗(s)dX
ds
(s).
The reader can easily verify that the covariant derivative is equal to the orthogonal
projection of the ordinary derivative in R4 onto the tangent space od the sphere when
the sphere is considered a subset of R4.
Lemma 2 Suppose that X(s, t) is a field of curves in K with the infinitesimal direc-
tions
A(s, t) = X∗(s, t)
∂X
∂s
(s, t) and B(s, t) = X∗(s, t)
∂X
∂t
(s, t)
Then,
∂A
∂t
(s, t)− ∂B
∂s
(s, t) + [A(s, t), B(s, t)] = 0 (15)
Proof. As in any Riemannian manifold,
DX
ds
(
∂X
∂t
)(s, t) =
DX
dt
(
∂X
∂s
)(s, t)
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Therefore,
X(s, t)(
∂B
∂s
(s, t) +
1
2
[B(s, t), A(s, t)]) = X(s, t)(
∂A
∂t
(s, t) +
1
2
[A(s, t), B(s, t)])
which implies that
∂A
∂t
(s, t)−
∂B
∂s
(s, t) + [A(s, t), B(s, t)] = 0
This equation is known as the zero-curvature equation ([5]).
2.2 The orthonormal frame bundle and the Darboux curves
The orthonormal frame bundle of K is the totality of pairs (X,F ) where X is a
point in K and where F = (v1, v2, v3) is an orthonormal frame at X . Curves in the
orthonormal frame bundle of K shall be called framed curves. Basic to this paper is
a set of framed curves defined by the following properties:
(a) Each curve is defined over a fixed interval [0,L], and conforms to the fixed
initial condition
X(0) = I, F (0) = (v1(0), v2(0), v3(0)) = (A1, A2, A3).
(b) For each curve (X(s), F (s)) the orthonormal frame F (s) = (v1(s), v2(s), v3(s))
defined along X(s) is adapted to the curve X(s) by the requirement that v1(s) =
dX
ds
for all s ∈ [0, L].
Definition 2.5 Framed curves that satisfy conditions (a) and (b) above shall be called
anchored Darboux curves.
For each Darboux curve (X(s), F (s)) condition (b) implies that ||dX
ds
(s)|| = 1,
which then implies that L is the length of the projected curve curve X .
Darboux curves can be embedded in the space of curves in K ×K, the universal
cover of the orthonormal frame bundle of K through the following realization. Each
pair (p, q) in K ×K defines an orthonormal frame (v1, v2, v3) at X = pq
∗ where
v1 = pA1q
∗ = pq∗(qA1q
∗), v2 = pA2q
∗ = pq∗(qA2q
∗), v3 = pA3q
∗ = pq∗(qA3q
∗)
Conversely, every orthonormal frame at a point X ∈ K can be represented by the
tangent vectors v1 = XB1, v2 = XB2, v3 = XB3 for some matrices B1, B2, B3 in k
that are orthonormal relative to the trace form. Then, there is matrix q ∈ K such
that
v1 = qA1q
∗, v1 = qA2q
∗, v1 = qA3q
∗
There are exactly two matrices ±q which satisfy the preceding equalities. Having
found q, p is uniquely defined by p = Xq.
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The fact that K × K is a double cover of the orthonormal frame bundle of the
sphere does not matter for the subsequent exposition since Darboux curves are an-
chored at the identity.
It follows from above that anchored Darboux curves can be represented by curves
(p(s), q(s)) in K ×K that are the solutions of
dp
ds
= p(s)P (s), dq
ds
= q(s)Q(s) (16)
subject to the conditions that p(0) = I, q(0) = I, and that P (s)−Q(s) = q(s)A1q
∗(s).
The last condition reflects the fact that the curve of frames
(X(s)q(s)A1q
∗(s), X(s)q(s)A2q
∗(s), X(s)q(s)A3q
∗(s))
along the curve X(s) in K is adapted to the tangent vector X(s)A(s) of X(s) through
the relation X(s)A(s) = X(s)q(s)A1q
∗(s), which implies that A(s) = q(s)A1q
∗(s).
Therefore anchored Darboux curves can be redefined as pairs of curves (X(s), R(s))
in K ×K that are the solutions of the initial value problem
dX
ds
(s) = X(s)Λ(s), dR
ds
(s) = R(s)A(s) (17)
,
X(0) = R(0) = I, subject to Λ(s) = R(s)A1R
∗(s) (18)
.
Definition 2.6 The projection X(s) of an anchored Darboux curve shall be called
horizontal Darboux curve.
The horizontal Darboux curves are parametrized by three arbitrary functions
u1(s), u2(s), u3(s) (given by A(s) =
∑
ui(s)Ai in (18)). These functions are related
to the curvature κ(s) and the torsion τ(s) of the projected curve X(s) through the
following equations:
κ(s) = u3(s) cos θ(s)− u2(s) sin θ(s),
dθ
ds
(s) + u1(s) = τ(s)
subject to the constraint
u2(s) cos θ(s) + u3(s) sin θ(s) = 0
The angle θ represents the rotation of the Darboux frame relative to the Serret-Frenet
frame in the plane perpendicular to the tangent vector of the projected curve.
Recall that the Serret-Frenet frame (v1(s), v2(s), v3(s)), generated by a curveX(s),
is defined by the following relations: dX
ds
= v1 and
DX
ds
(v1) = κv2,
DX
ds
(v2) = −κv1 + τv3,
DX
ds
(v3) = −τv2 (19)
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In the representation of the frame bundle as K × K, the Serret-Frenet frame is
represented by the matrix R(s) through the relations
v1(s) = X(s)(R(s)A1R
∗(s)), v2(s) = X(s)(R(s)A2R
∗(s)), v3(s) = X(s)(R(s)A3R
∗(s))
It now follows from Definition 2.4 that
DX
ds
(v1) = X(R[A1, A]R
∗) = −u3X(RA3R
∗) + u2X(RA2R
∗)
= u3v2 − u3v3
from which it follows that u3 = κ and u2 = 0. Furthemore,
DX
ds
(v2)(s) = X(s)R(s)([A2, A(s)] +
1
2
[A1, A2])R
∗(s))
= = −u3(s)X(s)(R(s)A1R
∗(s)) + (u1(s)−
1
2
)X(s)(R(s)A3R
∗(s))
= = −u3(s)v1(s) + (u1(s)−
1
2
)v3(s)
implies that τ(s) = u1(s)−
1
2
.
Therefore the frame curve R(s) corresponds to the Serret-Frenet frame whenever
u2(s) = 0, in which case u3(s) = κ(s) and u1(s) = τ(s) +
1
2
.
More generally,
Theorem 1 (a) For any solution (X(s), R(s)) of equations (17) and (18) with A(s) =∑
ui(s)Ai,
κ2(s) = u22(s) + u
2
3(s)
where κ(s) denotes the curvature of the base curve X(s).
(b) Every curve X(s) which satisfies ||dX
ds
(s)|| = 1, X(0) = I, and dX
ds
(0) = A1 is
the projection of an anchored Darboux curve.
Proof.
κ2(s) = ||
DX
ds
(
dX
ds
)(s)||2
= ||X(s)(
d
ds
(R(s)A1R
∗(s))||2 = ||R(s)[A1, A(s)]R
∗(s)||2
= || − u2(s)A3 + u3(s)A2||
2 = u22(s) + u
2
3(s)
To prove part (b) let Λ(s) = X∗(s)dX
ds
(s). It follows from Lemma 1 that ||Λ(s)|| = 1.
Since K acts transitively on S3 it follows that there exists a curve R(s) such that
R(s)A1R
∗(s) = Λ(s). Then (X(s), R(s)) is the desired anchored Darboux curve.
Remark. The reader may recall that not all curves can be lifted to the Serret-
Frenet frames. Darboux frames do not have that disadvantage, as the preceding
theorem shows, but the uniqueness is lost. In fact, for any Darboux curve (X(s), R(s))
(X(s), R(s)φ(s)) is another anchored Darboux curve that projects ontoX(s) provided
that φ(s)A1φ
∗(s) = A1.
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Definition 2.7 The set of anchored Darboux curves will be denoted by Ds(L), while
Horiz(Ds)(L) will denote the set of all horizontal Darboux curves.
Definition 2.8 An anchored Darboux curve (X(s), R(s)) will be called frame- pe-
riodic if R(0) = R(L), i.e., if R(s) is a closed curve. The space of frame-periodic
Darboux curves will be denoted by PDs(L). Then, Horiz(PDs)(L) will denote the
set of all horizontal frame-periodic Darboux curves.
If (X(s), R(s)) is frame-periodic then both matrices Λ(s) and A(s) defined by
equations (17) and (18) are smoothly periodic, because closed solutions of differential
equations with smooth data are smoothly periodic. However, the projected curve
X(s) need not be closed.
On the other hand, the Serret-Frenet frame of any smoothly periodic curve X(s)
is periodic, and therefore, all smoothly periodic curves in K are the projections of
frame-periodic Darboux curves.
2.3 Darboux curves as Fre´chet manifolds
On the basis of the general theory developed in ([6]) both Ds(L) and PDs(L) may
be considered as infinite-dimensional Fre´chet manifolds. Recall that a topological
Hausdorff vector space V is called a Fre´chet space if its topology is induced by a
countable family of semi-norms pn, and if it is complete relative to the semi-norms in
{pn}. A Fre´chet manifold is defined as follows:
Definition 2.9 A Fre´chet manifold is a topological Hausdorff space equipped with an
atlas whose charts take values in open subsets of a Fre´chet space V such that any
change of coordinate charts is smooth.
The paper of R.S. Hamilton ([6]) singles out an important class of Fre´chet man-
ifolds, called tame, in which the implicit function theorem is true. One of the main
theorems in ([6]) is that the set of smooth mappings from a compact manifold in-
terval into a finite-dimensional Riemannian manifold M is a tame Fre´chet manifold.
It therefore follows from the implicit function theorem that closed subsets of tame
Fre´chet manifolds M, defined by the zero sets of finitely many smooth functions on
M are tame sub-manifolds ofM. Since both Ds(L) and PDs(L) are particular cases
of the above situation, it follows that they are both tame Fre´chet manifolds and the
same applies to their horizontal projections Horiz(Ds)(L) and Horiz(PDs)(L).
Tangent vectors and tangent bundles of Fre´chet manifolds are defined in the same
manner as for finite dimensional manifolds. In particular tangent vectors at a point
x in a Fre´chet manifold M are the equivalence classes of curves σ(t) in M all ema-
nating from x (i.e.,σ(0) = x), and all having the same tangent vector dσ
dt
(0) in each
equivalence class. The set of all tangent vectors at x denoted by TxM constitutes the
tangent space at x.
The tangent bundle of a Fre´chet manifold M is a Fre´chet manifold. A vector
field X on M is a smooth mapping from M into the tangent bundle TM such that
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X(s) ∈ TxM for each x ∈M. On tame Fre´cher manifolds vector fields can be defined
as derivations in the space of smooth functions on M.
In the formalism of Fre´chet manifolds tangent vectors in each of Horiz(Ds)(L)
and Horiz(PDs)(L) are given by the following theorem.
Theorem 2 (a). The tangent space TX(Horiz(Ds)(L) at an anchored horizontal
Darboux curve (X(s) consists of curves v(s) = X(s)V (s) with V (s) the solution of
dV
ds
(s) = [Λ(s), V (s)] + U(s) (20)
such that V (0) = 0, where U(s) is a curve in k subject to the conditions that U(0) = 0
and 〈Λ(s), U(s)〉 = 0. The matrix Λ(s) is the tangent vector of X, i.e.,
dX
ds
(s) = X(s)Λ(s)
(b). v(s) = X(s)V (s) is a tangent vector at an anchored frame-periodic horizontal
Darboux curve X(s) if in addition to the above, the curve U(s) is smoothly periodic
having the period equal to L.
Proof. Let Y (s, t) denote a family of anchored horizontal Darboux curves such
that Y (s, 0) = X(s). Then, v(s) = ∂Y
∂t
(s, t)t=0 is a tangent vector at X(s) for which
v(0) = 0 since the curves Y (s, t) are anchored.
Let Z(s, t) and W (s, t) denote the matrices defined by
Z(s, t) = Y (s, t)∗
∂Y
∂s
(s, t), W (s, t) = Y (s, t)∗
∂Y
∂t
(s, t)
It follows that Λ(s) = Z(s, 0), V (s) =W (s, 0) and that V (0) = 0. Furthemore,
∂Z
∂t
(s, t)−
∂W
∂s
(s, t) + [Z(s, t),W (s, t)] = 0
as a consequence of Lemma 2. The above equation reduces to
dV
ds
(s) = [Λ(s), V (s)] + U(s)
when t = 0 provided that U(s) = ∂W
∂s
(s, 0).
Since the curves s→ Y (s, t) are Darboux for each t,
〈Z(s, t), Z(s, t)〉 = 1, and Z(0, t) = A1
Therefore,
〈
∂Z
∂t
(s, t), Z(s, t)〉 = 0, and
∂Z
∂t
(0, t) = 0
which implies that 〈Λ(s), U(s)〉 = 0 and U(0) = 0.
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It remains to show that any curve V (s) in k that satisfies (20) can be realized by
the perturbations Y (s, t) used above. So assume that V (s) be any solution of (20)
generated by a curve U(s) with U(0) = 0 that satisfies 〈Λ(s), U(s)〉 = 0.
Let φ(t) denote any smooth function such that φ(0) = 0 and dφ
dt
(0) = 1. Define
Z(s, t) =
1
1 + φ2(t)〈U(s), U(s)〉
(Λ(s) + φ(t)U(s))
Evidently Z(0, t) = A1 for all t, and an easy calculation shows that
〈Z(s, t), Z(s, t)〉 = 1. Therefore Y (s, t), the solution of
∂Y
∂s
(s, t) = Y (s, t)Z(s, t)
with Y (0, t) = I corresponds to an anchored horizontal Darboux curve for each t.
Since U(s) = ∂Z
∂t
(s, 0) our proof of part (a) is finished.
To prove part (b) we shall assume that the curves Y (s, t) used in part (a) belong
to Horiz(PDs)(L). Then, curves s→ Z(s, t) are L-periodic for each t, and therefore,
U(s) = ∂Z
∂t
(s, 0) is periodic with period L.
2.4 The symplectic structure of horizontal Darboux curves
The basic notions of symplectic geometry of infinite-dimensional Fre´chet manifolds
are defined through differential forms in the same manner as for the finite-dimensional
situations. In particular, differential forms ω of degree n are mappings
ω : X (M)× · · · × X (M)︸ ︷︷ ︸
n
→ C∞(M)
that are C∞(M) multilinear and skew-symmetric. Here X (M) denotes the space of
all smooth vector fields on M.
Definition 2.10 The exterior derivative dω of a form of degree n is a differential
form of degree n+ 1 defined by
dω(X1, . . . , Xn+1) =
n+1∑
i=1
(−1)i+1Xi(ω(X1, . . . , Xˆ1, . . . , Xn))
−
∑
i<j
(−1)i+jω([Xi, Xj], . . . Xˆi, . . . Xˆj, Xn+1)
where the roof sign above an entry indicates its absence from the expression (i.e.,
w(Xˆ1, X2) = w(X2) and w(X1, Xˆ2) = w(X1)).
A differential form ω is said to be closed if its exterior derivative dω is equal to
zero.
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Definition 2.11 A differential form ω of degree 2 is said to be symplectic whenever it
is closed and non-degenerate, in the sense that the induced form (iXω)(Y ) = ω(X, Y )
is non-zero for each non-zero vector field X.
The differential df of a smooth function f is a form of degree 1 defined by df(v) =
d
dt
f ◦ σ(t)|t=0 for any smooth curve in M such that σ(0) = x, and
dσ
dt
(0) = v.
In finite dimensional symplectic manifolds with a symplectic form ω there is a
unique vector field Xf such that df = iXfω. Xf is called the Hamiltonian vector field
induced by f , and f is called the Hamiltonian of Xf . However, in infinite dimensional
manifolds it may happen that the form df is not equal to iXw for any X ∈ X (M).
This is due to the fact that the cotangent bundle of an infinite dimensional Fre´chet
space is never a Fre´chet manifold. Nevertheless,
Definition 2.12 A vector field X is said to be Hamiltonian if there exists a smooth
function f such that
df(Y ) = ω(X, Y )
for all vector fields Y on M. The dependence of X on f shall be noted explicitly by
Xf .
The manifold consisisting of horizontal Darboux curves posesses a natural differ-
ential form ω defined as follows:
Let v1(s) = X(s)V1(s) and v2(s) = X(s)V2(s) denote any tangent vectors at a
horizontal Darboux curve X(s) that is defined by dX
ds
(s) = X(s)Λ(s). According to
(20) there exist unique curves U1(s) and U2(s) such that
Ui(0) = 0, 〈Λ(s), Ui(s)〉 = 0
and
Ui(s) =
dVi
ds
(s)− [Λ(s), Vi(s)], i = 1, 2. (21)
Then ω is given by
ωΛ(V1, V2) = −
∫ L
0
〈Λ(s), [U1(s), U2(s)]〉 ds (22)
Remark. As in finite dimensional situations the choice of sign is a matter of con-
vention. The justification for the above choice of sign will be given later on in the
paper.
Theorem 3 Both Horiz(D)s(L) and Horiz(PD)s(L) are symplectic Fre´chet mani-
folds relative to ω defined by (22).
The following lemmas will be useful for the proof of the theorem.
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Lemma 3
[A, [B,C]] = 〈A,C〉B − 〈A,B〉C)
for any elements A,B,C in k.
We leave the proof to the reader.
Lemma 4 Suppose that v(s) = g(s)V (s) is any tangent vector at a horizontal Dar-
boux curve g(s). Let U(s) be defined by (20). Then there exists a curve C(s) in k
such that
U(s) = [Λ(s), C(s)]
Proof. The mapping C → [Λ(s), C(s)] restricted to the orthogonal complement of
Λ(s) is surjective. Since U(s) is orthogonal to Λ(s) the proof follows.
Proof of the theorem. The proof is the same for each of Horiz(D)s(L)
and Horiz(PD)s(L) and will be presented formally without any reference to the
underlying space.
Evidently ω is skew-symmetric. To show that it is non-degenerate, assume that
for some tangent vector v1 = gV1 at g, ωΛ(V1, V ) = 0 for all tangent vectors v = gV
at g. Let U(s) and U1(s) correspond to V (s) and V1(s) as in (21). Then take
U(s) = [Λ(s), U1(s)]. Evidently U(0) = 0, and 〈Λ(s), U(s)〉 = 0, and therefore the
corresponding vector v = gV belongs to the tangent space at g. It follows from
Lemma 3 that
[U1[Λ, U1] = 〈U1, U1〉Λ = ||U1||
2Λ
Therefore,
〈Λ(s), [U1(s), U(s)]〉 = ||Λ(s)||
2||U1(s)||
2 = ||U1(s)||
2
which implies that U1(s) = 0 for all s, since 0 = ωΛ(V1, V ) =
∫ L
0
||U1(s)||
2 ds.
But then (21) implies that V1(s) = 0. Hence, ω is non-degenerate.
To show that ω is closed let vi(s) = g(s)Vi(s), 1 ≤ i ≤ 3 denote any three tangent
vectors at a fixed Darboux curve g(s). It is required to show (Definition 2.10) that
dω(X1, X2, X3) =
∑
cyclicXi(ω(Xj, Xk) +
∑
cyclic ω([Xi, Xj], Xk) = 0 (23)
where Xi denote any vector fields such that Xi(g) = vi for each i = 1, 2, 3.
To make use of the above formula it becomes necessary to identify vectors vi with
vector fields Xi. For the purposes of this identification it will be convenient to make
a slight change in the notations and write Λz(s) instead of Λ(s) for the tangential
direction Λ(s) of the horizontal Darboux curve z(s).
Vector fields Xi will be induced by the matrices Ui =
dVi
ds
(s) − [Λ, Vi] through
the following relations: for each horizontal Darboux curve z(s) let Zi(s) denote the
solution of
dZi
ds
(s) = [Λ(z)(s), Zi(s)] + [Λ(z)(s), Ui(s)]
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with Zi(0) = 0 for each i = 1, 2, 3. Then
Xi(z)(s) = z(s)Zi(s), i = 1, 2, 3
To show that (23) is valid let Ci(s) denote the curves such that Ui(s) = [Λ(s), Ci(s)]
as in Lemma 4. Then, dVi
ds
= [Λ, Vi + Ci] and an easy calculation based on Jacobi’s
identity yields
d
ds
([Vi, Vj]) = [Λ, [Vi, Vj] + [[Λ, Ci], Vj] + [Vi, [Λ, Cj]]
Therefore,
∑
cyclic
ω([Xi, Xj], Xk) =
∑
cyclic
∫ L
0
〈Λ, [[[Λ, Ci], Vj ] + [Vi, [Λ, Cj]], [Λ, Ck]] ds
=
∑
cyclic
∫ L
0
〈Λ, [(〈Vi,Λ〉Cj − 〈Vj,Λ〉Ci) + (〈Vj, Ci〉Λ− 〈Vi, Cj〉Λ), [Λ, Ck]] ds
=
∑
cyclic
∫ L
0
〈Vj,Λ〉〈Ci, Ck〉 − 〈Vi,Λ〉〈Cj, Ck〉 ds = 0
The calculations involving Xi(ω(Xj, Xk) in (23) require additional notations. Let
t→ zi(s, t) denote the integral curves of the vector field Xi that originate at g(s) for
t = 0, and let
∂zi
∂t
(s, t) = zi(s, t)Zi((zi(s, t)) and
∂zi
∂s
(s, t) = zi(s, t)Λi(zi(s, t)).
For simplicity of notation let Zi(zi(s, t)) and Λi(zi(s, t)) be denoted by Zi(s, t) and
Λi(s, t) . From Lemma 2
∂Λi
∂t
− ∂Zi
∂s
+ [Λi, Zi] = 0 (24)
which at t = 0 reduce to
Ui −
dVi
ds
+ [Λ, Vi] = 0
As in the preceeding calculation Ui will be represented by Ui = [Λ, Ci].
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Then,
Xi(ω(Xj, Xk) =
∂
∂t
∫ L
0
〈Λi(s, t), [[Λj(s, t), Cj], [Λk(s, t), Ck]] ds|t=0
=
∫ L
0
〈
∂Λi
∂t
(s, t), [[Λj(s, t), Cj], [Λk(s, t), Ck]]〉 ds|t=0
+
∫ L
0
〈Λi(s, t), [[
∂Λj
∂t
(s, t), Cj], [Λk(s, t), Ck]]〉 ds|t=0
+
∫ L
0
〈Λi(s, t), [[Λj(s, t), Cj], [
∂Λk
∂t
(s, t), Ck]]〉 ds|t=0
=
∫ L
0
〈Ui(s), [Uj(s), Uk(s)]〉 ds
+
∫ L
0
〈Λ(s), ([[Uj(s), Cj], [Λ(s), Ck]] + [[Λ(s), Cj], [Uk(s), Ck]]〉) ds
Since 〈Ui(s), [Uj(s), Uk(s)]〉 is equal to the volume of the parallelopiped with sides
Ui(s), Uj(s), Uk(s),
〈Ui(s), [Uj(s), Uk(s)]〉 = 0
because each side of the parallelopiped is in the plane orthogonal to Λ(s). Therefore,∫ L
0
〈Ui(s), [Uj(s), Uk(s)]〉 ds = 0
It remains to show that
∑
cyclic
∫ L
0
〈Λ(s), ([[Uj(s), Cj], [Λ(s), Ck]] + [[Λ(s), Cj], [Uk(s), Ck]]〉) ds = 0
It follows that
〈Λ(s), ([[Uj(s), Cj], [Λ(s), Ck]] + [[Λ(s), Cj], [Uk(s), Ck]]〉) =
〈Λ(s), (〈[Uj(s), Cj],Λ(s)〉Ck−〈[Uj(s), Cj], Ck〉Λ(s)+〈[Uj(s), Cj],Λ(s)〉Ck−〈[Uk(s), Ck], Cj〉Λ(s)〉) =
〈[Uk(s), Ck(s)], Cj〉 − 〈[Uj(s), Cj], Ck〉 = 0
because 〈[Uk(s), Ck(s)], Cj〉 is the volume of the parallelopiped with sides Uk(s), Ck(s), Cj
all of which are in the plane orthogonal to Λ(s). Therefore ω is closed, and hence
symplectic.
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3 The symplectic structure of hyperbolic Dar-
boux curves
3.1 The hyperboloid and its frame bundle
Similar to the sphere, the hyperboloid can be represented in several ways. To make
easy transitions from the sphere to the present situation it will be most convenient
to represent the hyperboloid as the homogeneous manifold SL2(C)/SU2. The repre-
sentation is done as follows.
Each vector in x in R4, considered as a column vector with coordinates x0, x1, x2, x3,
can be represented by a Hermitian matrix
X =
(
x0 + x1 x2 + ix3
x2 − ix3 x0 − x1
)
. If (a, b)h denotes the Lorentzian quadratic form in R
4 defined by
(a, b)h = a0b0 − (a1b1 + a2b2 + a3b3) (25)
then the Lorentzian unit sphere (x, x)h = 1 is a hyperboloid of two sheets and corre-
sponds to the space of Hermitian matrices X whose determinant is equal to 1.
Definition 3.1 The connected component of the Lorentzian unit sphere defined by
x0 > 0 shall be referred to as the hyperboloid and will be denoted by H
3. As a subset
of the Hermitian matrices, the hyperboloid H3 is equal to the space of positive-definite
Hermitian matrices X whose determinant is equal to 1.
The orthonormal frame bundle of H3 is equal to SO(1, 3), the matrix group that
leaves the Lorentzian form (25) invariant (it is understood here that SO(1, 3) acts
on the points of R4 by the matrix multiplications). The restriction of this action
to H3 is transitive and consequently, H3 can be identified with the orbit of SO(1, 3)
through any of its points xˆ. In this identifications points of H3 are represented by the
first columns of the matrices R ∈ SO(1, 3) when xˆ = e0. The other columns of the
matrix are identified with an orthonormal frame v1, v2, v3 at the base point x = Re0.
More precisely, the correspondence between matrices R ∈ SO(1, 3) and points of the
othonormal frame bundle of H3 is given by the following relations:
x = Re0, v1 = Re1, v2 = Re2, v3 = Re3 (26)
The frame e1, e2, e3 at the identity induces an orientation on the space of frames and
identifies SO0(1, 3), the connected component of SO(1, 3) that contains the identity,
as the positively oriented orthonormal frame bundle of H3.
The subgroup H of SO0(1, 3) that fixes e0 is isomorphic to SO3(R) and acts by
the right multiplications on each fiber of the projection map π(R) = Re0. In the
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language of the principal bundles the above construction identifies SO(1, 3) as the
principal H bundle with H3 the base space under the projection map π.
The transition from the spherical case to the hyperbolic case is more direct if
instead of the realization SO(1, 3)/SO3(R) the hyperboloid is realized as the quo-
tient SL2(C)/SU2. The passage from SO(1, 3) to SL2(C) is obtained through the
identification of points x = (x0, x1, x2, x3) in R
4 with Hermitian matrices
X =
(
x0 + x1 x2 + ix3
x2 − ix3 x0 − x1
)
and a homomorphism Φ(p) = R from SL2(C) onto SO(1, 3) defined by :
pXp∗ = Y if and only if Rx = y, x ∈ R4 (27)
That the matrix R defined by (27) is in SO(1, 3) can be easily seen through the
following lemma.
Lemma 5 Suppose X and Y are Hermitian matrices that correspond to points x and
y in R4. Then,
(a). 1
2
(XY † + Y X†) = (x, y)hI.
(b). (gX)(gY )† + (gY )(gX)† = XY † + Y X† for any g in SL2(C).
In the statement of the lemma X† denotes the companion matrix of a Hermitian
matrix X . Recall that
X† =
(
x0 − x1 −x2 − ix3
−x2 + ix3 x0 + x1
)
for any X =
(
x0 + x1 x2 + ix3
x2 − ix3 x0 − x1
)
.
The proof of this lemma will be left to the reader.
The homomorphism Φ given by (27) shows that SL2(C) is a double cover of
SO(1, 3) since ker(Φ) = {±I}. Consequently, the restriction of Φ to H = {1} ×
SO3(R) proves SU2 is a double cover of SO3(R). Additionally, the action (g,X) →
gXg∗ identifies H3 as the quotient SL2(C)/SU2 via the orbit through the identity.
The frame v1 = Re1, v2 = Re2, v3 = Re3 at x = Re0 corresponds to the matrices
V1 = pE1p
∗, V2 = pE2p
∗, V3 = pE3p
∗ (28)
where
E0 = I, E1 =
(
−1 0
0 1
)
, E2 =
(
0 1
1 0
)
, E3 =
(
0 i
−i 0
)
are the Hermitian matrices that correspond to the standard basis e0, e1, e2, e3 of R
4.
3.2 Lie algebras and the trace form
The Lie algebra of SL2(C) consisting of 2 × 2 complex matrices of trace zero shall
be denoted by g. The vector space of all Hermitian matrices in g will be denoted by
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h and the Lie subalgebra of all skew-Hermitian matrices in g will be denoted by k in
accordance with the notations used earlier in the paper. Then,
g = h+ k
and the following Lie algebraic relations hold
[h, h] = κ, [h, k] = h and [κ, k] = k (29)
The relation [h, k] = h easily implies that ϕAϕ−1 ∈ h for any ϕ ∈ K and any A in
h, which further implies that the same holds for absolutely continuous curves
ϕ(s)A(s)ϕ−1(s) (30)
with ϕ(s) a curve in K and A(s) a curve in h.
Definition 3.2 The matrices
B1 =
1
2
(
1 0
0 −1
)
, B2 =
1
2
(
0 −i
i 0
)
, B3 =
1
2
(
0 1
1 0
)
shall be called the Hermitian Pauli matrices.
The Hermitian Pauli matrices are related to the skew-Hermitian matricesA1, A2, A3
defined earlier by the following simple correspondences
A1 = iB1, A2 = iB2, A3 = iB3 (31)
Matrices B1, B2, B3, A1, A2, A3 form a basis for g, and the reader can readily verify
that their Lie brackets conform to the following Lie bracket table:
[ , ] A1 A2 A3 B1 B2 B3
A1 0 −A3 A2 0 −B3 B2
A2 A3 0 −A1 B3 0 −B1
A3 −A2 A1 0 −B2 B1 0
B1 0 −B3 B2 0 A3 −A2
B2 B3 0 −B1 −A3 0 A1
B3 −B2 B1 0 A2 −A1 0
Table 1
It may be helpful for some of the subsequent calculations to note the following
relations:
Lemma 6 (a) If A and B are skew-Hermitian with A =
3∑
i=1
aiAi and B =
3∑
i=1
biAi,
then [A,B] =
3∑
i=1
ciAi where c is the vector product b× a in R
3.
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(b) If A is skew-Hermitian with A =
3∑
i=1
aiAi, and B is Hermitian with B =
3∑
i=1
biBi, then again [A,B] =
3∑
i=1
ciBi with c = b× a.
(c) However, if both A and B are Hermitian with A =
3∑
i=1
aiBi and B =
3∑
i=1
biBi
then [A,B] =
3∑
i=1
ciAi with c = a × b. Thus for Hermitian matrices the order in the
cross product is reversed.
Definition 3.3 For any matrices A,B in g, 〈A,B〉 will denote the trace of 2(AB).
We shall refer to this quadratic form as the trace form on sl2(C).
The Hermitian Pauli matrices B1, B2, B3 form an orthonormal basis in h relative
to the trace form, which together with (31) implies that
〈Ai, Aj〉 = −δij and 〈Ai, Bj〉 = iδij
Remark. The above relations imply that the restriction of the trace form to the
matrices in k is the negative of the trace form used in the first part of the paper. For
the most part of the paper this ambiguity in terminology will not matter since the
meaning will be clear from the context, but in the instances that require clarification
the meaning will be made explicit.
It follows from above that
〈A,A〉 = −(a21 + a
2
2 + a
2
3), 〈B,B〉 = b
2
1 + b
2
2 + b
2
3, and 〈A,B〉 = i(a1b1 + a2b3 + a3b2)
for any matrices A =
∑
ajAj and B =
∑
bjBj. The above imply that
h ∼= k∗
where k∗ denotes the dual of k, a fact of central importance for the results that follow.
3.3 Hyperbolic Darboux curves
As in the first part of the paper horizontal Darboux curves shall are naturally in-
troduced through the language of the principal bundles. Let G denote the group
SL2(C) and let π denote the projection map from G onto the base manifold H
3 given
by π(g) = X = gg∗. Then π∗ will denote the tangent map of π. It follows that
π∗(gA) = gAg
∗ for every left invariant vector field g → gA in G. The group K acts
on G by right translations and the action is invariant and transitive on each fiber
π−1(g). Therefore (G,H3, π,K) is a principal K-bundle.
.
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Definition 3.4 The distribution spanned by the left-invariant vector fields V (g) = gA
with A in h and g ∈ G shall be called horizontal and will be denoted by H . The integral
curves of H in G shall be called horizontal curves. Vertical curves are the integral
curves of the left invariant distribution with values in k. A horizontal curve g(s) is
called a horizontal lift of a curve X(s) in H3 if π(g(s)) = X(s) for all s.
Theorem 4 (a). Every curve X(s) in H3 can be lifted to a horizontal curve g(s).
For any horizontal lifts g1(s) and g2(s) of X(s) there exists a vertical curve a(s) such
that g2(s) = g1(s)a(s).
(b). If a horizontal lift g(s) of a base curve X(s) is given by dg
ds
(s) = g(s)B(s) and
B(s) =
∑
bi(s)Bi, then
||
dX
ds
(s)||2 = 4〈B(s), B(s)〉 = 4(b21(s) + b
2
2(s) + b
2
3(s)).
where
||
dX
ds
||2 = −
dx0
ds
2
+
dx1
ds
2
+
dx2
ds
2
+
dx3
ds
2
= −(
dx
ds
,
dx
ds
)h
Proof. Let g(s) denote any curve in G that projects onto a given curve X(s) in H3
and let A(s) and B(s) denote curves in g with A(s) ∈ k and B(s) ∈ h such that
dg
ds
(s) = g(s)(B(s) + A(s)).
Let g0(s) = g(s)φ
−1(s) where φ(s) denote any solution of
dφ
ds
(s) = φ(s)A(s).
Then, g0(s) projects onto X(s) because φ(s) is a vertical curve, and furthemore,
dg0
ds
(s) = g0(s)(φ(s)B(s)φ
−1(s)).
The relations (29) imply that φ(s)B(s)φ−1(s) belongs to h, and therefore g0(s) is a
horizontal curve. This proves the first statement in (a). The second statement in (a)
follows directly from the definition of a principal bundle.
To prove part (b), let g(s) ba a horizontal curve that projects onto X(s) such that
dg
ds
(s) = g(s)B(s)
Since X(s) = g(s)g∗(s), dX
ds
(s) = 2g(s)B(s)g∗(s).
Then Lemma 5 implies that
(||
dX
ds
(s)||2))I = −(
dX
ds
(s))(
dX
ds
(s))† = −4(g(s)B(s)g∗(s))(g(s)B(s)g∗(s)†)
= −4(g(s)B(s)g∗(s)(g∗(s)†B†(s)g†(s) = −4B(s)B†(s)
= 4(〈B(s), B(s)〉)I
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Therefore,
||
dX
ds
(s)||2) = 4〈B(s), B(s)〉)
Definition 3.5 The hyperboloid H3 shall be considered a Riemannian manifold with
its metric given by 1
2
√
dx0
ds
2
+ dx1
ds
2
+ dx2
ds
2
+ dx3
ds
2
.
Then previous lemma implies
Corollary 1 Horizontal curves g(s) defined by dg
ds
(s) = g(s)B(s) project onto curves
X(s) parametrized by arc-length, i.e. ||dX
ds
(s)|| = 1, if and only if 〈B(s), B(s)〉 = 1.
For the remainder of the paper all curves g(s) in G will be anchored at the identity
(g(0) = I), and due to the relation (27) will be identified with the curves in the
orthonormal frame bundle of H3. As in the spherical case
Definition 3.6 Curves g(s) in G will be called Darboux if v1(s) = g(s)B1g
∗(s) is
equal to the tangent vector dX
ds
(s) of the projected curve X(s) = π(g(s)).
The above condition means that Darboux curves are the solutions of
dg
ds
(s) = g(s)(B1 + A(s))
for arbitrary curves A(s) in k.
Definition 3.7 Horizontal curves g(s) will be called horizontal anchored Darboux
curves, or simply horizontal Darboux, if g(0) = I and
g−1(s)
dg
ds
(s) = Λ(s) = R(s)B1R
∗(s)
for some curve R(s) in K with R(0) = I.
Since K acts transitively on the sphere S3, the horizontal Darboux curves could
have been defined equivalently as the solutions g(s) of the differential equation
dg
ds
(s) = g(s)Λ(s)
such that g(0) = I, subject to further conditions that Λ(s) ∈ h, Λ(0) = 0, and
〈Λ(s),Λ(s)〉 = 1 for all s ∈ [0, L].
Definition 3.8 The space of all hyperbolic Darboux curves and horizontal Darboux
curves shall be denoted by Dh(L) and Horiz(Dh)(L).
Definition 3.9 The covariant derivative Dg
ds
(v) of a curve of tangent vectors g(s)V (s),
V (s) ∈ b, along a horizontal curve g(s) in G, is defined by Dg
ds
(gV )(s) = g(s)dV
ds
(s)
for all s ∈ [0, L].
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This notion of covariant derivative for vectors in the horizontal distribution H
coincides with the usual notion of covariant derivative in the base manifold H3 in the
sense that
Dπ(g)
ds
(π∗(gV ))(s) = π∗((g(s)
dV
ds
))(s)
The proof is simple and goes as follows:
The covariant derivative inH3 inherited from the ambient manifold R4 is analogous
to the spherical case, except that the Euclidean inner product in R4 is replaced by
the Lorentzian inner product, and is given by the following formula:
Dx
ds
(v)(s) =
dv
ds
(s) +
1
4
(
dx
ds
(s), v(s))hx(s)
Remark The factor 1
4
appears because the metric in this paper is equal to the half
of the standard hyperbolic metric.
To adapt this formula to the representation by Hermitian matrices, first note that
if V and Λ are any Hermitian matrices in g then
V † = −V and Λ† = −Λ.
Then if π∗(g(s)V (s)) is a curve of tangent vectors defined along a curve X(s) =
π(g(s)) = g(s)g∗(s) corresponding to a horizontal curve g(s) in G that is a solution
of
dg
ds
(s) = g(s)Λ(s),
then the projected vectors v and λ are given by v = π∗(gV ) = 2gV g
∗ and λ =
π∗(gΛ) = 2gΛg
∗. The results of Lemma 5 show that
(v, λ)hI = −〈Λ, V 〉I
It then follows that
DX
ds
(π∗(g(s)V (s)))(s) = 2
d
ds
(g(s)V (s)g∗)(s)− 4〈V,Λ〉(g(s)g∗(s))
= 2g(s)(Λ(s)V (s) + V (s)Λ(s))g∗(s) + 2g(s)
dV
ds
(s)g∗(s)− (〈V,Λ〉)g(s)g∗(s)
= 4〈V,Λ〉)g(s)g∗(s) + 2g(s)
dV
ds
(s)g∗(s)− 4〈V,Λ〉)g(s)g∗(s)
= 2g(s)
dV
ds
(s)g∗(s)
Theorem 5 Suppose that g(s, t) is a field of horizontal curves in G. Let V (s, t) =
g(s, t)−1 ∂g
∂t
)(s, t) and Λ(s, t) = g(s, t)−1 ∂g
∂s
)(s, t). Then,
∂Λ
∂t
(s, t) =
∂V
∂s
(s, t)
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and
Dg
ds
(
∂g
∂t
)(s, t) =
Dg
dt
(
∂g
∂s
)(s, t)
Proof. Let π(g(s, t)) = X(s, t). Then, as in any Riemannian manifold,
DX
ds
(
∂X
∂t
)(s, t) =
DX
dt
(
∂X
∂s
)(s, t)
The calculation that preceeds the statement of the theorem shows that
DX
ds
(
∂X
∂t
)(s, t) = 2g(s, t)
∂V
∂s
(s, t)g∗(s, t) and
DX
dt
(
∂X
∂s
)(s, t) = 2g(s, t)
∂Λ
∂t
(s, t)g∗(s, t)
Hence,
2g(s, t)
∂V
∂s
(s, t)g∗(s, t) = 2g(s, t)
∂Λ
∂t
(s, t)g∗(s, t)
and consequently,
∂V
∂s
(s, t) =
∂Λ
∂t
(s, t)
The remaining statement follows directly from Definition 3.9
Theorem 6 The curvature κ(s) of the projection curve X(s) = π(g(s)) that corre-
sponds to a horizontal curve g(s) conforms to the following equation
||κ(s)||2 = 〈
dΛ
ds
,
dΛ
ds
〉
where Λ(s) = g−1(s)dg
ds
(s).
Proof.
||κ(s)||2 = ||
DX
ds
((
dX
ds
)(s)||2
= ||π∗(
Dg
ds
(
dg
ds
))||2 = ||π∗(g(s)
dΛ
ds
)||2
= 〈
dΛ
ds
,
dΛ
ds
〉
When a horizontal curve g(s) is a Darboux curve then its tangent vector Λ(s) is
of the form
Λ(s) = R(s)B1R
∗(s)
for some curve R(s) in K that originates at the identity for s = 0. If R(s) is a solution
of
dR
ds
(s) = R(s)A(s) =
∑
ui(s)Ai, then
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dΛ
ds
(s) = R(s)[B1, A(s)]R
∗(s) = R(s)(u3(s)B2 − u2(s)B3)R
∗(s)
, and therefore
||κ(s)||2 = u22(s) + u
2
3(s).
The Serret-Frenet frame of the projected curve X(s) = π(g(s)), defined by the
tangent vector T (s), the normal vector N(s) and the binormal vector B(s) evolves
according to the well known equations:
DX
ds
(T )(s) = κ(s)N(s),
DX
ds
(N)(s) = −κ(s)T (s)+τ(s)B(s),
DX
ds
(B)(s) = −τ(s)N(s).
When represented by the equations (28) the Serret-Frenet vectors take the follow-
ing form:
T (s) =
1
2
R(s)E1R
∗(s) = R(s)B1R
∗(s)
N(s) =
1
2
R(s)E2R
∗(s) = R(s)B3R
∗(s)
B(s) =
1
2
R(s)E3R
∗(s) = −R(s)B2R
∗(s).
An easy calculation shows that
u1(s) = τ(s), u2(s) = −κ(s), u3(s) = 0. (32)
3.4 The symplectic form
Similar to the spherical case, the space of anchored hyperbolic horizontal Darboux
curves will be considered an infinite dimensional Fre´chet manifold.
Definition 3.10 An anchored horizontal Darboux curve g(s) will be called frame-
periodic if the tangent vector Λ(s) is periodic with period L. The set of frame-periodic
anchored horizontal Darboux curves will be denoted by Horiz(PDh)(L).
Frame-periodicity requires periodicity of the curve R(s) which in turn, imposes
periodicity of its tangent vector A(s) =
∑
Ui(s)Ai. The projections X(s) in H
3 of
frame periodic Darboux curves necessarily have periodic curvature and torsion, but
need not be closed.
On the other hand, smoothly closed curves X(s) in H3 generate periodic Serret-
Frenet frames, and therefore can be lifted always to periodic Darboux curves g(s). If
g(s) is the periodic solution of
dg
ds
(s) = g(s)(B1 +
∑
ui(s)Ai)
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with g(0)=I, then the corresponding horizontal curve h(s) = g(s)R∗(s) is periodic if
and only if R(s) is a periodic solution of
dR
ds
(s) = R(s)(
∑
ui(s)Ai).
For curves on the sphere and in a Euclidean space R(s) can be identified with an
orthonormal frame along the curve, which implies that smoothly periodic curves can
be always lifted to periodic horizontal Darboux curves. For curves on the hyperboloid
however, such a statement requires a proof, since R(s) does not necessarily coincide
with an orthonormal frame along the curve.
Theorem 7 (a) The tangent space Tg(Horiz(Dsh)(L) at an anchored horizontal
Darboux curve (g(s) consists of tangent curves v(s) = g(s)V (s) with V (s) a Her-
mitian curve that satisfies the following conditions:
V (0) = 0, dV
ds
(0) = 0, 〈Λ(s), dV
ds
(s)〉 = 0 (33)
where,
dg
ds
(s) = g(s)Λ(s).
(b) For anchored frame-periodic horizontal Darboux curves v(s) = g(s)V (s) is a
tangent vector at g(s) if in addition to the properties in (a) the curve dV
ds
(s) is smoothly
periodic having the period equal to L.
Proof. Let h(s, t) denote a family of anchored horizontal Darboux curves such
that h(s, 0) = g(s). Then v(s) = ∂h
∂t
(s, t)t=0 is a tangent vector at g(s). Since the
curves h(s, t) are anchored, v(0) = 0.
Let Z(s, t) and W (s, t) denote the matrices defined by
Z(s, t) = h(s, t)−1
∂h
∂s
(s, t), W (s, t) = h(s, t)−1
∂h
∂t
(s, t).
It follows that Λ(s) = Z(s, 0) and v(s) = g(s)V (s) with V (s) = W (s, 0). Then
v(0) = 0 implies that V (0) = 0. Furthemore,
∂Z
∂t
(s, t) =
∂W
∂s
(s, t)
as a consequence of Lemma 5. For t = 0 the above equation reduces to
dV
ds
(s) =
∂W
∂s
(s, 0) = U(s).
Since the curves s→ Y (s, t) are Darboux for each t,
〈Z(s, t), Z(s, t)〉 = 1, and Z(0, t) = B1
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Therefore,
〈
∂Z
∂t
(s, t), Z(s, t)〉 = 0, and
∂Z
∂t
(0, t) = 0
which implies that 〈Λ(s), U(s)〉 = 0 and U(0) = 0.
Conversely any curve V (s) in h that satisfies (33) can be realized by the pertur-
bations h(s, t) defined in the first part of the proof. The argument is similar to the
one used for the spherical Darboux curves and goes as follows.
Let V (s) be a curve specified by (33), and let dV
ds
(s) = U(s).
Define
Z(s, t) =
1
1 + φ2(t)〈U(s), U(s)〉
(Λ(s) + φ(t)U(s))
where φ(t) denote any smooth function such that φ(0) = 0 and dφ
dt
(0) = 1. Evidently,
Z(0, t) = B1 for all t, and an easy calculation shows that 〈Z(s, t), Z(s, t)〉 = 1.
Therefore the solution of
∂h
∂s
(s, t) = h(s, t)Z(s, t)
with h(0, t) = I corresponds to an anchored horizontal Darboux curve for each t.
Since U(s) = ∂Z
∂t
(s, 0) the proof of part (a) is finished.
To prove part (b) assume that the curves h(s, t) used in part (a) belong to
Horiz(PDs)(L). Then curves s → Z(s, t) are periodic with period L for each t.
Since curves s → ∂Z
∂t
(s, t)(s, t) preserve this periodicity, U(s) = ∂Z
∂t
(s, 0) is periodic
with period L.
Definition 3.11 The symplectic form ω on the space of anchored horizontal hyper-
bolic Darboux curves is defined as follows
ωgΛ(V1, V2) =
1
i
∫ L
0
〈Λ(s), [DV1
ds
(s), dV2
ds
(s)]〉 ds (34)
for any tangent vectors V2(s), V2(s) at a horizontal curve g(s).
Remark As it stands the above definition may be problematic, since the issues of
non-degeneracy and closedness of ω have not been dealt with yet. However, such ques-
tions are easily removed because the hyperbolic form ω is isomorphic to its spherical
analogue. The proof is as follows:
Let
Λ˜ = iΛ, U˜1 = i
dV1
ds
, U˜2 = i
dV2
ds
.
It follows from (29) and Table 1 that Λ˜, U˜1, U˜2 all belong to k and that〈Λ˜, U˜i〉 = 0
for i = 1, 2. Therefore,
ωΛ(V1, V2) =
1
i
∫ L
0
〈Λ(s), [
DV1
ds
(s),
dV2
ds
(s)]〉 ds
= −
∫ L
0
〈Λ˜(s), [U˜1(s), U˜2(s)]〉 ds = ω˜Λ˜(V˜1, V˜2)
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under the identification of the curve X(s) in K with the solution of
dX
ds
(s) = X(s)Λ˜(s)
that satisfies X(0) = I.
It follows that ω˜ coincides with the symplectic form for the spherical horizontal
Darboux curves. The isomorphism, apart from justifying the choice of sign in (22)
also makes transparent the proof of
Theorem 8 Both Horiz(Dh)(L) and Horiz(PDh)(L) are symplectic manifolds rel-
ative to ω defined by (3.11).
Remark 1 It may be appropriate to point out that both the spherical and the hyperolic
symplectic form in this paper may be seen as natural adaptations to curves of the
standard symplectic form ω on the sphere S2 given explicitly by
ωγ(a, b) = γ · (a× b)
where a an b are tangent vectors at a point γ on S2. In the light of this observation,
the symplectic structure of anchored curves with periodic frames is isomorphic to the
symplectic structure of anchored loops on the sphere.
In each of the two cases the right action of SU2 extends to the space of horizontal
anchored Darboux curves with (g, a) → ag(s)a∗ for each horizontal curve g(s) and
each a ∈ SU2. This action is symplectic relative to the forms used in this paper and
J(g) =
∫ L
0
Λ(s) ds is the moment map associated with this action (under the implicit
assumption that the dual g∗ of the Lie algebra g is identified with g via the trace
form ).
The moment map induces a function JA(g) =
∫ L
0
〈Λ(s), A〉 ds on the space of
horizontal anchored curves for each element A ∈ g. The Hamiltonian vector field
induced by this function coincides with the infinitesimal generator of the action-
induced one-parameter group of transformations {etAγe−tA}. Then it is well known
([1]) that J is an integral of motion for each Hamiltonian function which is invariant
under the action.
The moment map will be taken up again in the problems of mathematical physics
further down in the text. There is another symplectic form on the space of anchored
curves given by the following expression:
ΩgΛ(V1, V2) =
∫ L
0
〈Λ, [V1, V2]〉 ds
Such a form is mentioned elsewhere in the literature (see for instance [2],[3], and
[13]). This form is compatible in the sense of Magri ([15]) with the form used in
this paper and can be used to get the integrability results for systems which are bi-
Hamiltonian (as outlined in ([2]). However, such investigations seem too particular
for the scope of this paper and will not be pursued here.
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4 The Hamiltonian flow of 1
2
∫ L
0 k
2(s) ds
Horizontal Darboux curves g(s) are parametrized by the matrices Λ(s) = R(s)E1R
∗(s)
with curves R(s) the solutions of
dR
ds
(s) = R(s)
∑
ui(s)Ai
in K with R(0) = I. The matrix E1 is equal to A1 in the spherical case and equal to
B1 in the hyperbolic case.
Theorems 1 and 6 show that ||dΛ
ds
(s)||2 = κ2(s) where κ(s) is the curvature of the
projected curve in the base manifold. Hence the function
f(g) =
1
2
L∫
0
||
dΛ
ds
(s)||2 ds
on the space of anchored Darboux curves may be also seen as the function
f(x) =
1
2
L∫
0
κ2(s) ds
on the space of projected curves x(s) = π(g(s)).
As a function on the space of horizontal Darboux curves f defines a Hamiltonian
vector field Xf through the symplectic formalism described in the first part of the
paper. Remarkably, Xf leads to Heisenberg’s magnetic equation and the non-linear
Schroedinger’s equation when f is restricted to the frame-periodic Darboux curves.
A derivation of this fact, together with the connections to the known results in the
literature constitute the subject matter for the remaining part of the paper.
4.1 Heisenberg’s magnetic equation
Although conceptually alike, the calculations in the spherical setting are different in
several aspects from those in the hyperbolic setting and will be done separately in
each of the above mentioned cases.
Hyperbolic Darboux curves. To calculate the directional derivative dfΛ(V ),
let gˆ(s, t) be a family of anchored horizontal Darboux curves that are the solutions of
∂gˆ
∂s
= gˆ(s, t)Λˆ(s, t)
such that
gˆ(s, 0) = g(s), Λˆ(s, 0) = Λ(s),
∂Λˆ
∂t
(0, s) =
dV
ds
(s)
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.
The directional derivative dfΛ(V ) is given by
dfΛ(V ) =
1
2
∂
∂t
∫ L
0
〈
∂Λˆ
∂s
(s, t),
∂Λˆ
∂s
(s, t)
〉
ds|t=0.
It follows that
1
2
∂
∂t
∫ L
0
〈
∂Λˆ
∂s
(s, t),
∂Λˆ
∂s
(s, t)
〉
ds|t=0 =
L∫
0
〈
∂Λˆ
∂s
(s, t),
∂
∂s
∂Λˆ
∂t
(s, t)
〉
ds|t=0
=
L∫
0
〈
dΛ
ds
,
d
ds
(
dV
ds
)〉
ds
= −
L∫
0
〈
d2Λ
ds2
,
dV
ds
〉
ds+
〈
dΛ
ds
,
dV
ds
〉
|s=L.s=0
In the space of frame-periodic horizontal Darboux curves the boundary terms〈
dΛ
ds
, dV
ds
〉
|s=Ls=0 are equal to 0 because of periodicity. Consequently,
dfΛ(V ) = −
L∫
0
〈
d2Λ
ds2
,
dV
ds
〉
ds.
The Hamiltonian vector field is of the form Xf (g) = gF for some Hermitian matrix
F (s) that satisfies
dfΛ(V ) =
1
i
∫ L
0
〈
Λ(s), [
dF
ds
,
dV
ds
]
〉
ds
for an arbitrary tangential direction V (s). The above is equivalent to
L∫
0
〈
(d
2Λ
ds2
+ 1
i
[Λ(s), dF
ds
]), dV
ds
〉
ds = 0. (35)
It then follows from Theorem 7 that V (s) can be taken as V (s) = i
∫ s
0
[Λ(t), U(s)] dt
where U(s) is an arbitrary curve of Hermitian matrices with U(0) = 0. Then equation
(35) becomes
L∫
0
〈
(i[
d2Λ
ds2
,Λ(s)] + [[Λ(s),
dF
ds
],Λ(s)]), U(s)
〉
ds = 0.
November 9, 2018 32
It follows that
i[d
2Λ
ds2
,Λ(s)] + [[Λ(s), dF
ds
],Λ(s)] = 0 (36)
because U(s) is sufficiently arbitrary. The following Lie bracket identity is true
[[A,B], C] = 〈B,C〉A− 〈A,C〉B
for any Hermitian matrices A,B,C as can be readily verified through Table 1.
Therefore,
[Λ(s), [Λ(s),
dF
ds
]] = −
dF
ds
and equation (36) becomes
i[
d2Λ
ds2
,Λ(s)]−
dF
ds
= 0
It follows that
Xf(g) = g(s)F (s) with F (s) = i
∫ s
0
[
d2Λ
dx2
(x),Λ(x)] dx
is the Hamiltonian vector field that corresponds to f .
The integral curves t → g(s, t) of Xf are the solutions of the following partial
differential equations
∂g
∂t
(s, t) = g(t, s)i
∫ s
0
[
d2Λ
dx2
(x, t),Λ(x, t)] dx (37)
∂g
∂s
(s, t) = g(t, s)Λ(t, s). (38)
Theorem 5 implies that the matrices Λ(s, t) evolve according to
∂Λ
∂t
(t, s) = i
[
∂2Λ
∂s2
,Λ(t, s)
]
. (39)
Equation (39 when expressed in terms of the coordinates λ(s, t) of Λ(s, t) relative
to the basis of the Hermitian Pauli matrices becomes:
∂λ
∂t
(t, s) = λ(t, s)×
∂2λ
∂s2
(s, t). (40)
Remark 2 Equation (40) is well known in the literature in applied mathematics.
L.D.Faddeev and L.A. Takhtajan refer to it as the continuous isotropic Heisenberg
feromagnetic model([5], Part II.,Chapter 1) which they treat in an ad hoc manner
as an equation in the space of Hermitian matrices. V.I. Arnold and B.Khesin ([2])
connect (40) to the filament equation which they furher consider as a special type of
a Landau-Lifschitz equation on so3(R).
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Spherical Darboux curves. The derivation of the corresponding Hamiltonian
equations on the sphere is similar to the preceding case except for the details related
to the covariant derivative. Recall that the tangent space TX(Horiz(Ds)(L) at an
anchored horizontal Darboux curve X(s) consists of tangent curves v(s) = X(s)V (s)
with V (s) the solution of
dV
ds
(s) = [Λ(s), V (s)] + U(s) (41)
with V (0) = 0. The matrix Λ(s) is the tangent vector of X , i.e.,
dX
ds
(s) = X(s)Λ(s)
and U(s) is a curve in k subject to U(0) = 0 and 〈Λ(s), U(s)〉 = 0.
Let v(s) = X(s)V (s) be a fixed tangent vector at an anchored horizontal Darboux
curve X(s). To find the appropriate expression for dfX(V ) the directional derivative of
f at X in the direction V , let Y (s, t) denote a family of anchored horizontal Darboux
curves such that Y (s, 0) = X(s) and such that v(s) = ∂Y
∂t
(s, t)t=0.
Let Z(s, t) denote the matrices defined by
∂Y
∂s
(s, t) = Y (s, t)Z(s, t)
It follows that Λ(s) = Z(s, 0), and that V (s) is the solution of (41) with U(s) =
∂Z
∂t
(s, 0).
Then,
dfΛ(V ) =
1
2
∂
∂t
∫ L
0
〈
∂Z
∂s
(s, t),
∂Z
∂s
(s, t)〉 ds|t=0
=
∫ L
0
〈
dΛ
ds
(s),
dU
ds
(s)〉 ds
= −
∫ L
0
〈
d2Λ
ds2
(s), U(s)〉 ds+ 〈
dΛ
ds
(s), U(s)〉s=Ls=0 .
Analogous to the hyperbolic case the boundary terms vanish in the frame-periodic
case, and therefore
dfX(V ) = −
∫ L
0
〈
d2Λ
ds2
, U(s)
〉
ds (42)
The Hamiltonian vector field Xf that corresponds to f is of the form
Xf (X)(s) = X(s)F (s)
for some curve F (s) ∈ k. Since Xf(X) ∈ TXHoriz(PD)s(L) F (s) is the solution of
dF
ds
(s) = [Λ(s), F (s)] + Uf(s)
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with F (0) = 0 for some curve Uf(s) ∈ k that satisfies
Uf(0) = 0 and 〈Λ(s), Uf(s)〉 = 0.
The curve Uf (s) is determined by the symplectic form ω in Definition 2.11 through
the usual relation
dfΛ(U) = −
∫ L
0
〈Λ(s), [Uf(s), U(s)]〉 ds. (43)
The curve U(s) satisfies U(0) = 0 and 〈Λ(s), U(s)〉 = 0, and is otherwise arbitrary.
Equations (42) and (43) yield∫ L
0
〈
d2Λ
ds2
− [Λ(s), Uf(s)], U(s)
〉
ds = 0. (44)
The curve U(s) can be written as U(s) = [Λ(s), C(s)] where C(s) is any curve that
satisfies C(0) = 0. In that case equation (44) becomes∫ L
0
〈
[d
2Λ
ds2
,Λ]− [[Λ(s), Uf(s)],Λ], C(s)
〉
ds = 0. (45)
Since C(s) is arbitrary,
[d
2Λ
ds2
,Λ]− [[Λ(s), Uf(s)],Λ] = 0. (46)
Lemma 3 implies that
[[Λ(s), Uf(s)],Λ] = Uf
and therefore,
Uf = −[Λ,
d2Λ
ds2
].
The integral curves t→ X(s, t) of the vector field Xf are the solutions of
∂X
∂t
(s, t) = X(s, t)F (s, t), and
∂X
∂s
= X(s, t)Λ(s, t) (47)
where F (s, t) is the solution of
∂F
∂s
(s, t) = [Λ(s, t), F (s, t)]− [Λ(s, t),
d2Λ
ds2
(s, t)].
But then according to Lemma 2
∂Λ
∂t
(s, t)−
∂F
∂s
(s, t) + [Λ(s, t), F (s, t)] = 0
hence,
∂Λ
∂t
(s, t) = −[Λ(s, t),
∂2Λ
∂s2
(s, t)] = [
∂2Λ
∂s2
(s, t),Λ(s, t)]. (48)
Equation (48) describes the flow of the Hamiltonian vector field in the spherical
case.
The reader should keep in mind however, that in the hyperbolic case Λ is Hermi-
tian, while in the spherical case, Λ is skew-Hermitian: to pass from the hyperbolic
case to the spherical case multiply Λ(t, s) in equation (39) by i.
Definition 4.1 Equations (39) and (48) shall be called Heisenberg’s magnetic equa-
tions.
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4.2 The non-linear Schroedinger equation
Each solution Λ(s, t) of Heisenberg’s magnetic equation is generated by a family of
periodic frames t→ R(s, t) in k through Λ(s, t) = R(s, t)B1R
∗(s, t) in the hyperbolic
case, and through Λ(s, t) = R(s, t)A1R
∗(s, t) in the spherical case. Curves R(t, s)
then evolve according to the differential equations:
∂R
∂s
(s, t) = R(s, t)U(s, t), and
∂R
∂t
= R(s, t)V (s, t)
for some curves of matrices U(s, t) and V (s, t) in k. Matrices U(s, t) and V (s, t) are
not independent of each other since they conform to
∂U
∂t
(s, t)−
∂V
∂t
(s, t) + [U(s, t), V (s, t)] = 0 (49)
as demonstrated earlier in the paper ( Lemma 2). Moreover, V (0, t) = 0 because the
horizontal Darboux curves are anchored at s = 0. Equation (49) then implies that
dU
dt
(0, t) = 0.
Theorem 9 Let U(s, t) =
∑
uj(s, t)Aj generate a solution of Heisenberg’s magnetic
equation and let u(s, t) = u2(s, t) + iu3(s, t). Then,
ψ(s, t) = u(s, t) exp (i
∫ s
0
u1(x, t) dx)
is a solution of the non-linear Schroedinger’s equation
∂
∂t
ψ(s, t) = i
∂2ψ
∂s2
(s, t) + i
1
2
|ψ(s, t)|2ψ(s, t). (50)
The following lemma, whose proof can be easily obtained from the Lie brackets
in Table 1, is useful for the proof of the theorem.
Lemma 7
[A, [A,B]] = 〈A,B〉A− 〈A,A〉B
for any A,B ∈ h.
[[A,B], B] = 〈B,B〉A− 〈A,B〉B
for any A ∈ su2 and B ∈ h.
Proof of the theorem The proof of the theorem will be done for the hyperbolic
case although the arguments are the same in both cases, as will become clear below.
Since Λ(s, t) = R(s, t)B1R
∗(s, t), it follows that
∂Λ
∂t
=
∂R
∂t
B1R
∗ +RB1
∂R∗
∂t
= R(V B1 − B1V )R
∗
= R[B1, V ]R
∗
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Similarly,
∂Λ
∂s
= R[B1, U ]R
∗, and
∂2Λ
∂s2
= R
(
[[B1, U ], U ] +
[
B1,
∂U
∂s
])
R∗
The fact that Λ(s, t) evolves according to Heisenberg’s magnetic equation implies
that
[B1, V ] = i([[[B1, U ], U ], B1] + [[B1,
∂U
∂s
], B1]) (51)
According to the relations in Lemma 7
[[B1, U ], U ] = 〈U,B1〉U − 〈U, U〉B1 = −(u
2
2 + u
2
3)B1 + u1u2B2 +B3u1u3
, and therefore
[[[B1, U ], U ], B1] = u1u3A2 − u1u2A3.
Similarly,
[B1,
∂U
∂s
] =
∂u3
∂s
B2 −
∂u2
∂s
B3, and [[B1,
∂U
∂s
], B1] = −
∂u3
∂s
A3 −
∂u2
∂s
A2.
Then equation (51) reduces to
[B1, V ] = i(u1(u3A2 − u2A3)−
∂u3
∂s
A3 −
∂u2
∂s
A2)
which can also be written as
[B1, V ] = −u1(u3B2 − u2B3) +
∂u3
∂s
B3 +
∂u2
∂s
B2
because Aj = iBj , j = 1, 2, 3.
Let V (s, t) = v1(s, t)A1 + v2(s, t)A2 + v3(s, t)A3. Then, [B1, V ] = v3B2 − v2B3 ,
which together with the relations above yields
v2 = −u1u2 −
∂u3
∂s
, and v3 = −u1u3 +
∂u2
∂s
. (52)
Equation (52) written in terms of the complex functions u = u2+ iu3 and v = v2+ iv3
becomes
v(s, t) = −u1(s, t)u(s, t) + i
∂u
∂s
(s, t). (53)
The zero curvature equation ∂U
∂t
− ∂V
∂s
+ [U, V ] = 0 implies that
∂u1
∂t
=
∂v1
∂s
+
1
2
∂
∂s
(u22 + u
2
3) (54)
and that
∂u
∂t
= i
∂2u
∂s2
− 2u1
∂u
∂s
−
∂u1
∂s
u− i(v1 + u
2
1)u. (55)
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Equation (54) implies that
∂
∂t
s∫
0
u1(x, t)dx = v1(s, t) +
1
2
(u22(s, t) + u
2
3(s, t)) + c(t)
for some function c(t). However this function must be equal to zero because the
Darboux curves are anchored, and therefore v1(t, 0) = 0 and u(t, 0) = 0.
Upon the substitution v1(s, t) =
∂
∂t
s∫
0
u1(x, t)dx −
1
2
|u(s, t)|2 the equation (55)
becomes
∂u
∂t
+ iu
∂
∂t
s∫
u1(t, x) dx = i
∂2u
∂s2
− 2u1
∂u
∂s
− u
∂u1
∂s
− i
(
−
1
2
|u|2 + u21
)
u. (56)
After the multiplication by exp (i
∫ s
0
u1(x, t) dx) equation (56) can be expressed as
∂
∂t
(u exp (i
∫ s
0
u1 dx)) = (i
∂2u
∂s2
− 2u1
∂u
∂s
− u
∂u1
∂s
− i(u21 −
1
2
|u|2))u exp (i
∫ s
0
u1 dx)
because
∂
∂t
(u(s, t) exp (i
∫ s
0
u1(x, t) dx)) = exp (i
∫ s
0
u1(x, t) dx)(
∂u
∂t
+ iu
∂
∂t
s∫
0
u1(x, t) dx).
The function
ψ(s, t) = u(s, t) exp (i
∫ s
0
u1(t, x) dx)
satisfies
∂ψ
∂s
=
(
∂u
∂s
+ iuu1
)
exp (i
∫ s
0
u1(x, t) dx)
and
∂2ψ
∂s2
=
(
∂2u
∂s2
+ 2iu1
∂u
∂s
+ iu
∂u1
∂s
− u21u
)
exp i
∫ s
0
u1(x, t) dx.
It follows that
i
∂2ψ
∂s2
=
(
i
∂2u
∂s2
− 2u1
∂u
∂s
− u
∂u1
∂s
− iu21u
)
exp i
∫ s
0
u1(x, t dx
, and therefore
∂
∂t
ψ(t, s) = i
∂2ψ
∂s2
+ i
1
2
|ψ|2ψ.
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In the spherical case the evolution along Heisenberg’s magnetic equation leads to
[A1, V ] = ([[[A1, U ], U ], A1] + [[A1,
∂U
∂s
], A1]).
The preceeding equation is the same as equation (51) because A1 = iB1. Therefore
the calculations that led to the non-linear Schroedinger equation in the hyperbolic
case are equally valid in the spherical case with the same end result.
The steps taken in the passage from Heisenberg’s equation to the Schroedinger’s
equation are reversible. Any solution ψ(s, t) of (50) generates a solution of the zero-
curvature equation ( as demonstrated in [5]). Simply let
U =
1
2

 0 ψ
−ψ 0

 and V = 1
2

 i ∂∂s |ψ|2 iψ(|ψ|2 + c)
iψ|ψ|2 −i ∂
∂s
|ψ|2

 .
Then curves R(s, t) that evolve according to the differential equations:
∂R
∂s
(s, t) = R(s, t)U(s, t),
∂R
∂t
(s, t) = R(s, t)V (s, t)
generate the solutions Λ(s, t) of Heisenberg’s magnetic equation through the familiar
formulas Λ(s, t) = R(s, t)B1R
∗(s, t) or Λ(s, t) = R(s, t)A1R
∗(s, t) depending on the
case.
To correlate the findings of this paper with the related existing literature, which
almost exclusively deals with curves in R3, it seems appropriate to include a discussion
of the only remaining simply connected three dimensional symmetric space, namely
the Euclidean space.
4.3 Euclidean Darboux curves
The semidirect product of h with K is the most convenient setting for comparisons
with non-Euclidean Darboux curves. Recall that the semidirect product V ⊲ K of a
vector space V and a group K which acts linearly on V consists of pairs (x,R) with
x ∈ V and R ∈ K. The group operation is given by (x,R)(y, T ) = (x +Ry,RT ) for
any elements (x,R) and (y, T ). The Lie algebra V ⊲ k of the semidirect product V ⊲K
consists of pairs (a, A) with a ∈ V and A ∈ k with the Lie bracket [(a, A), (b, B)] =
(A(b)−B(a), [A,B]). Both the vector space V and the Lie algebra k can be embedded
in the Lie algebra of the semidirect product via the embeddings a → (a, 0) and
A→ (0, A). With this identification, V ⊲ k = V ⊕ k and
[V, V ] = 0, [V, k] = V, [k, k] = k.
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The group K = SU2 acts linearly on the space of Hermitian matrices h by R(x) =
RxR∗ for x ∈ V and R ∈ K, and A(a) = [a, A] for a ∈ k and A ∈ k. Therefore, the
Lie bracket in h ⊲ k is given by
[(a, A), (b, B)] = ([b, A]− [a, B], [A,B]).
The space of Hermitian matrices endowed with the metric induced by the trace form
becomes a three dimensional Euclidean space, that will be denoted by E3, while the
semidirect product of K with E3 will be denoted by SK(E3) .
The group SK(E3) acts on E
3 by (x,R)(y) = R(y) + x for each (x,R) ∈ SK(E3)
and each y ∈ E3. The action is transitive, and K is equal to the isotropy group of
the orbit through the origin y = 0. The Euclidean space E3, when identified with the
orbit through the origin becomes the coset space SK(E3)/K. The preceeding action
extends to an action on the tangent bundle in which a tangent vector v at y is taken
to the the tangent vector R(v) at x under the action by an element (x,R) ∈ SK(E3).
The action on the tangent bundle extends further to an action on the orthonormal
frame bundle of E3 such that a frame (v1, v2, v3) at a point y ∈ E
3 is taken to the
frame (R(v1), R(v2), R(v3)) at x under the action by an element (x,R) ∈ SK(E3).
The kernel of this action consists of ±I, and hence SK(E3)/{±I} can be identified
with the positively oriented orthonormal frame bundle of E3 as the orbit through the
standard frame (B1, B2, B3) at the origin.
In the left-invariant representation of the tangent bundle of SK(E3), the tangent
vectors at a point (x,R) are given by pairs (R(a), RA) with a ∈ E3 and A ∈ k. Hence
curves (x(s), R(s)) in SK(E3) are represented by differential equations
dx
ds
(s) = R(s)(a(s)), dR
ds
(s) = R(s)A(s). (57)
The terminology concerning Darboux curves in non-Euclidean cases extends natu-
rally to the Euclidean setting. In particular, curves (x,R) ∈ SK(E3) are Euclidean
Darboux curves if dx
ds
(s) = v1(s) = R(s)(B1), which holds whenever a(s) = B1.
Horizontal Euclidean Darboux curves are the projections x(s) of Euclidean Darboux
curves. Anchored horizontal Darboux curves are the solutions of
dx
ds
(s) = R(s)(B1), x(0) = 0
with R(s) an arbitrary curve in K that originates at I when s = 0. Frame-periodic
Darboux curves (x,R) conform to the periodicity of R(s) with its period equal to the
length of x(s).
For any horizontal Darboux curve x(s),
d2x
ds2
(s) = R(s)([B1, A(s)])
, and therefore
κ2(s) = ||
d2x
ds2
(s)||2 = u22(s) + u
2
3(s)
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where A(s) =
∑
ui(s)Ai. The frame R(s) is a Serret-Frenet frame if A(s) = τ(s)A1+
κ(s)A3, in which case the frame vectors T (s), N(s), B(s) are given by
T (s) = R(s)(B1), N(s) = R(s)(B2), B(s) = R(s)(B3).
The reader may easily verify that the tangent space at each anchored horizontal
Darboux curve x(s) consists of curves v(s) such that
(a) v(0) = dv
ds
(0) = 0, and
(b) 〈dx
ds
(s), dv
ds
(s)〉 = 0.
The space of horizontal frame-periodic Euclidean Darboux curves inherits the
symplectic structure given by Definition 3.11. This symplectic structure is isomorphic
to the structure used by J. Millson and B.A. Zombro in ([17]) as can be easily seen
from Lemma 6. More precisely, in the Millson-Zombro paper the Euclidean space
E3 is identified with so3(R) which is isomorphic to su2, and their symplectic form is
identical to the one given by equation (22).
It can be shown by arguments identical to the ones already presented in this paper
that the Hamiltonian flow induced by the function f(x(s)) = 1
2
∫ l
0
κ2(s) ds leads to
Heisenberg’s magnetic equation, and that the passage to the non-linear Schroedinger’s
equation is the same as the one presented for the non-Euclidean cases.
The present formalism clarifies Hasimoto’s first observation that ψ = κ exp (i
∫
τ dx)
of a curve γ(s, t) that satisfies the filament equation
∂γ
∂t
(s, t) = κ(s, t)B(s, t) (58)
is a solution of the non-linear Schroedinger equation. In this notation, it is understood
that t → γ(s, t) denotes a family of curves in R3 parametrized by t and that B(s, t)
denotes the binormal vector along the curve s→ γ(s, t).
When the solution curves of the filament equation are restricted to curves parametrized
by arc-length,i.e., to curves γ(s) such that ||dγ
ds
(s)|| = 1 then
T (t, s) =
∂γ
∂s
(t, s) and
dT
ds
(s) = κ(s, t)N(s, t) =
∂2γ
∂s2
(s, t).
Moreover, B(s, t) = T (s, t)× N(s, t). It then follows that in the space of arc-length
parametrized curves the filament equation can be written as
∂γ
∂t
= ∂γ
∂s
× ∂
2γ
∂s2
. (59)
For each solution curve γ(s, t) of (59) the tangent vector T (s, t) satisfies
∂T
∂t
= T × ∂
2T
∂s2
(60)
as can be easily verified by differentiating with respect to s.
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Any solution T (s, t) of the preceeding equation may be interpreted as the coordi-
nate vector of Λ(s, t) relative to an orthonormal basis in the Cartan space p. Then,
Λ(s, t) evolves according to
∂Λ
∂t
(s, t) = i[
∂2Λ
∂s2
(s, t),Λ(s, t)]
if p = h, and evolves according to
∂Λ
∂t
(s, t) = [
∂2Λ
∂s2
(s, t),Λ(s, t)]
if p = k.
The function ψ(s, t) = u(s, t) exp (i
∫ s
0
u1(x, t) dx) associated with the frameR(s, t)
that defines Λ(s, t) a solution of the non-linear Schroedinger’s equation independently
of the choice of the symmetric space (Theorem 9). When the frame R(s, t) is a Serret-
Frenet frame then:
u1 = τ , u2 = −κ, u3 = 0 in the hyperbolic case,
u1 = τ +
1
2
, u2 = 0, u3 = κ in the spherical case, and
u1 = τ , u2 = 0, u3 = κ in the Euclidean case.
In all cases,
ψ(s, t) = u(s, t) exp (i
∫ s
0
u1(x, t) dx) = (exp iθ)(κ(s, t) exp i
∫ s
0
τ(x, t) dx))
for some angle θ, and therefore, Hasimoto’s function κ(s, t) exp i
∫ s
0
τ(x, t) dx) is a
solution of the non-linear Schroedinger’s equation since the latter is invariant under
circular rotations. The geometry of the underlying space becomes visible only when
the integration of the Hamiltonian equations is carried out on the full tangent bundle
of the Lie group and not just on the part of the equations that resides in the Lie
algebra g.
5 Elastic curves and solitons
For mechanical systems the Hamiltonian function represents the total energy of the
system and its critical points correspond to the equilibrium configurations. In an
infinite-dimensional setting the behaviour of a Hamiltonian system at a critical point
of a Hamiltonian seems not to lend itself to such simple characterizations.
For the Hamiltonian function f = 1
2
∫ L
0
k2 ds the critical points are the elastic
curves. The solutions of the associated Hamiltonian system that originate at an elastic
curve, instead of being stationary, form travelling waves known as solitons. Soliton
solutions of either Heisenberg’s magnetic equation or the non-linear Schroedinger’s
equation are waves that travel at constant speeds with an elastic curve at their wave
fronts. To explain these statements in some detail it will be necessary to make a small
detour into the geometry of elastic curves.
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5.1 Elastic curves and their Hamiltonian systems
To maintain continuity with the material already presented and yet to keep the detour
at a minimum, the discussion will be confined to the semidirect product SK(E
3) and
SL2(C). The spherical case K ×K requires adjustments in notation but is otherwise
similar to the other two cases (as demonstrated in [11],[12],[13]).
For notational simplicity Gǫ will denote SK(E
3) for ǫ = 0, and SL2(C) for ǫ = −1.
The Lie algebra of Gǫ will be denoted by gǫ. As sets g0 = g−1, but as algebras they
are different. Their Lie brackets conform to the following table
[ , ] A1 A2 A3 B1 B2 B3
A1 0 −A3 A2 0 −B3 B2
A2 A3 0 −A1 B3 0 −B1
A3 −A2 A1 0 −B2 B1 0
B1 0 −B3 B2 0 −ǫA3 ǫA2
B2 B3 0 −B1 ǫA3 0 −ǫA1
B3 −B2 B1 0 −ǫA2 ǫA1 0
Table 2
Definition 5.1 The problem of finding the minimum of the integral
1
2
∫ L
0
(u22(s) + u
2
3(s)) ds
over all curves g(s) in Gǫ that are the solutions of
dg
ds
(s) = g(s)(B1 + u2(s)A2 + u3(s)A3) (61)
and satisfy fixed boundary conditions at s = 0 and s = L shall be called the elastic
problem on Gǫ.
Definition 5.2 The projections x(s) = πǫ(g(s)) of the ”extremal curves” g(s) on the
underlying space Gǫ/K are called elastic curves.
It is known that the elastic problem has a solution for any pair of boundary points
provided that L is sufficiently large. Since the elastic problem is left-invariant, the
initial point can always be taken at the identity. It is evident from the first part of
the paper that
1
2
∫ L
0
(u22(s) + u
2
3(s)) ds =
1
2
∫ L
0
κ2(s) ds
where κ(s) is the curvature of the projected curve πǫ(g(s)). The set of curves (61) may
be considered as a ”reduced” Darboux space for the function f(g) = 1
2
∫ L
0
κ2(s) ds for
the following reasons:
For any Darboux curve g(s) that is a solution of
dg
ds
(s) = g(s)(B1 + u1(s)A1 + u2(s)A2 + u3(s)A3)
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g0(s) = g(s) exp (−A1
∫ s
0
u1(x) dx) projects onto the same base point as g(s) and
satisfies (61). Consequently,
f(g(s)) = f(g0(s)).
It should be noted that when the solution R(s) of the equation
dR
ds
(s) = R(s)(u2(s)A2 + u3(s)A3)
is periodic, then h(s) = g(s)R∗(s) is an anchored frame-periodic curve, and therefore,
u(s) = u2(s)+ iu3(s) is a solution of the non-linear Schroedinger’s equation (Theorem
9).
The solutions of the elastic problem seen from control theoretic perspectives in
accordance with the Maximum Principle are confined to the projections of integral
curves, called extremal curves, of a Hamiltonian system on the cotangent bundle T ∗Gǫ
of Gǫ ([11]).
To take advantage of the left-invariant symmetries, the cotangent bundle T ∗Gǫ will
be represented via the left translations as Gǫ×g
∗
ǫ , where g
∗
ǫ denotes the dual of gǫ. Lin-
ear functions in g∗ǫ will be represented by the coordinate functions h1, h2, h3, H1, H2, H3
relative to the dual basis B∗1 , B
∗
2 , B
∗
3 , A
∗
1, A
∗
2, A
∗
3 defined by the Pauli matrices .
An easy application of the Maximum Principle shows that the regular extremal
curves of the elastic problem are the projections of the integral curves of the Hamil-
tonian vector field ~H defined by the Hamiltonian function
H = 1
2
(H22 +H
3
3 ) + h1. (62)
The extremal functions u2 and u3 are of the form
u2 = H2, u3 = H3. (63)
Remark 3 The abnormal extremal curves shall be ignored. It is known ([10]) that the
abnormal extremal curves exist, and may or may not project onto an optimal solutions
of the elastic problem. However, the optimal solutions that are the projections of
abnormal extremal curves are also the projections of regular extremal curves, and
therefore could be ignored, at least as far as optimality is concerned.
The most direct way to get the equations of ~H is via the Poisson brackets involv-
ing the variables h1, h2, h3, H1, H2, H3. The Poisson brackets of these variables are
isomorphic to the Lie brackets in Table 2, and are reproduced for the convenience of
the reader in Table 3 below.
{ , } H1 H2 H3 h1 h2 h3
H1 0 −H3 H2 0 −h3 h2
H2 H3 0 −H1 h3 0 −h1
H3 −H2 H1 0 −h2 h1 0
h1 0 −h3 h2 0 −ǫH3 ǫH2
h2 h3 0 −h1 ǫH3 0 −ǫH1
h3 −h2 h1 0 −ǫH2 ǫH1 0
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Table 3
Therefore, the Hamiltonian equations are given by:
dH1
ds
= {H1, H} = H2{H1, H2}+H3{H1, H3}+ {H1, h1} = 0
dH2
ds
= {H2, H} = H3{H2, H3}+ {H2, h1} = −H3H1 + h3
dH3
ds
= {H3, H} = H2{H3, H2}+H3{H3, H3}+ {H3, h1} = H2H1 − h2
dh1
ds
= {h1, H} = H2{h1, H2}+H3{h1, H3}+ {h1, h1} = H3h2 −H2h3
dh2
ds
= {h2, H} = H2{h2, H2}+H3{h2, H3}+ {h2, h1} = −H3h1 + ǫH3
dh3
ds
= H2{h3, H2}+H3{h3, H3}+ {h3, h1} = {h3, H} = H2h1 − ǫH2.
(64)
It follows by an easy calculation that
I1 = h
2
1 + h
2
2 + h
2
3 + ǫ(H
2
1 +H
2
2 +H
2
3 )
and
I2 = h1H1 + h2H2 + h3H3
are the constants of motion for (64). Together with H1 and H , I1 and I2 account for
four independent constants of motion, and therefore, (64) is completely integrable.
Any solution h1(s), h2(s), h3(s), H1(s), H2(s), H3(s) of (64) defines complex func-
tions u(s) = H2(s)+ iH3(s) and w(s) = h2(s)+ ih3(s). Then, u(s) generates a soliton
solution if there exists a real number ξ such that ψ(s, t) = u(s + ξt) is a solution of
the non-linear Schroedinger’s equation.
It follows from equations (64) that
du
ds
(s) = iH1u(s)− iw(s), and
dw
ds
= i(h1 − ǫ)u(s). (65)
Therefore,
∂ψ
∂t
= iξ(H1ψ − w), and
∂2ψ
∂s2
= −H21ψ +H1w + (h1 − ǫ)ψ.
Since H = 1
2
|ψ|2 + h1,
−i
∂ψ
∂t
− (
∂2ψ
∂s2
+
1
2
|ψ|2ψ) = ξ(H1ψ − w)− (−H
2
1ψ +H1w + (h1 − ǫ)ψ + ψ(H − h1))
= −(ξ +H1)w + (ξH1 +H
2
1 + ǫ−H)ψ.
The preceding quantity is a solution of the non-linear Schroedinger’s equation when-
ever
ξ = −H1 and H = ǫ. (66)
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Remark 4 The reader may verify that (66) is a necessary condition for the existence
of solitons for all three cases. For the spherical case ǫ = 1 and H1 and H are the
same as in the cases discussed above.
To show that periodic solutions u(s) exist on the energy level H = ǫ requires
explicit formula for u(s) in terms of the remaining constants of motion I1 and I2.
To begin with, note that
(H2h3 −H3h2)
2 + (H2h2 +H3h3)
2 = (H22 +H
2
3 )(h
2
2 + h
2
3).
Then,
( d
ds
h1)
2 = (H2h3 −H3h2)
2 = (H22 +H
2
3 )(h
2
2 + h
2
3)− (H2h2 +H3h3)
2
= (H22 +H
2
3 )(I1 − ǫ(H
2
1 +H
2
2 +H
2
3 )− h
2
1)− (I2 − h1H1)
2
= 2(H − h1)(I1 − ǫH
2
1 − 2ǫ(H − h1)− h
2
1)− (I2 − h1H1)
2
= 2h31 + c1h
2
1 + c2h1 + c3
(67)
where c1, c2, c3 are the constants of motion given by the following expressions
c1 = −(H
2
1−2H−4ǫ), c2 = (2I2H1−2ǫH
2
1+4ǫH−2I1), c3 = 2H(I1−ǫH
2
1−2ǫH)−I
2
2 .
Therefore, h1(s) is expressed in terms of elliptic functions, and since k
2 = H22 +
H23 = 2(H−h1) the same can be said for the curvature of the projected elastic curve.
The remaining variables u = H2 + iH3 and w = h2 + ih3 can be integrated in terms
of two angles θ and φ defined as follows:
I1 = h
2
1 + |w|
2 + ǫ(H21 + |u|
2) = h21 + |w|
2 + ǫ(H21 + 2(H − h1))
= (h1 − ǫ)
2 + |w|2 + ǫH21 + 2ǫH − ǫ
2
and therefore,
(h1 − ǫ)
2 + |w|2 = J2 (68)
where J2 denotes I1 − ǫH
2
1 − 2ǫH + ǫ
2. Since J is constant along each extremal
trajectory, equation (68) defines a sphere along each extremal curve. The angles θ
and φ are defined on that sphere by
(h1(s)− ǫ) = J cos θ(s) and w(s) = J sin θ(s)e
iφ(s). (69)
It follows that
dh1
ds
= −J sin θ dθ
ds
, and dw
ds
= w( cosθ
sinθ
dθ
ds
+ idφ
ds
). (70)
Furthermore,
u
w
=
uw¯
|w|2
=
H2h2 +H3h3 + i(H3h2 −H2h3)
J2 − (h1 + ǫ)2
=
I2 − h1H1 + i
dh1
ds
J2 sin2 θ
=
I2 − h1H1
J2 sin2 θ
−
i
J sin θ
dθ
ds
.
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Therefore,
w(
cos θ
sin θ
dθ
ds
+ i
dφ
ds
) =
dw
ds
= i(h1 − ǫ)u = (iJ cos θ
(I2 − h1H1)
J2 sin2 θ
+
cos θ
sin θ
dθ
ds
)w
hence,
dφ
ds
= J cos θ
(I2 − h1H1)
J2 sin2 θ
=
J cos θ(I2 − ǫH1 −H1J cos θ)
J2 sin2 θ
. (71)
Equation (67) can be also written as
(
dh1
ds
)2 = 2(H − h1)|w|
2 − (I2 −H1h1)
2.
The substitutions from (69) and (70) in the preceeding equation define θ as the
solution of the following differential equation
(
dθ
ds
)
2
= 2(H − ǫ− J cos θ)−
(I2 −H1(ǫ+ J cos θ))
2
J2 sin2 θ
. (72)
It follows from (69) and the equation that follows that both u(s) and w(s) are deter-
mined by the angles φ(s) and θ(s). We now return to the question of periodicity of
u(s). Evidently, both u and w are periodic whenever φ(0) = φ(L) and θ(0) = θ(L).
Soliton solutions propagate with speed ψ = H1 on the energy level H = ǫ. On this
energy level φ(0) = φ(L) and θ(0) = θ(L) if and only if∫ L
0
J cos θ(I2 +H1 −H1J cos θ)
J2 sin2 θ
ds = 0 (73)
where θ denotes a closed solution of the equation
(
dθ
ds
)
2
= −2J cos θ −
(I2 −H1(ǫ+ J cos θ))
2
sin2 θ
. (74)
It is known that there are are infinitely many closed solutions for suitable constants
I1, I2, H1 ( for instance, ([9])) however, such calculations will not be presented here.
6 Complete Integrability
There are further connections between elasic curves and solutions of the non-linear
Schroedinger equation that were first noticed by J. Langer and R. Perline, namely
that some of the integrals of motion for the elastic curves correspond to the integrals
of motion for the non-linear Schroedinger’s equation ([14]). We will illustrate this
phenomenon by showing that the function f(γ) =
∫ L
0
k2τ ds is an integral of motion
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for Heisenberg’s magnetic equation, while the quantity k2(s)τ(s) is a constant of
motion for the elastic problem.
We shall first show that k2τ is a constant of motion for the elastic curves. The
Serret-Frenet frame and the frame in Definition 5.1 rotate around each other in the
plane perpendicular to the tangent vector. If we denote by β the angle through which
the frame in Definition 5.1 rotates relative to the Serret-Frenet frame then, according
to the formula in ([12], p461)
dβ
ds
(s) = τ and tan β = −
H2
H3
.
It follows that
sec2 β
dβ
ds
=
(H2
dH3
ds
−H3
dH2
ds
)
H23
=
H2(H2H1 − h2)−H3(−H3H1 + h3)
H23
=
H1(H
2
2 +H
2
3 )−H2h2 −H3h3
H23
=
H1(H
2
2 +H
2
3 )− (I2 −H1h1)
H23
=
2H1H − I2
H23
.
Since
sec2 β = (H22 +H
2
3 )/H
2
3 = κ
2/H23
it follows that
κ2τ = 2H1H − I2 = constant.
Theorem 10 (a) The Hamiltonian flow of f1 =
∫ l
0
κ2(s)τ(s) ds is given by
∂Λ
∂t
= 2(
...
Λ − 〈
...
Λ,Λ〉Λ)− 3
〈
Λ, Λ¨
〉
Λ˙). (75)
(b) f0 =
1
2
∫ L
0
κ2(s) ds and f1 Poisson commute.
Proof.
The first part of the proof consists in showing that
κ2τ = −i
〈
[Λ,
dΛ
ds
],
d2Λ
ds2
〉
.
Suppose now that T (s) = Λ(s) denotes the Hermitian matrix that corresponds to
the tangent vector of a horizontal Darboux curve that projects onto a curve γ ∈ H3.
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Then N(s) and B(s), the matrices that correspond to the normal and the binormal
vectors, are given by
N =
1
κ
dΛ
ds
and B(s) =
1
i
[T (s), N(s)] = −
i
κ
[Λ,
dΛ
ds
].
According to the Serret-Frenet equations dN
ds
= −kΛ + τB. Therefore,
τ =
〈
dN
ds
,B
〉
= −i
〈
−
1
k2
dk
ds
dΛ
ds
+
1
k
d2Λ
ds2
,
1
k
[Λ,
dΛ
ds
]
〉
.
It follows that
k2τ = −i
〈
[Λ,
dΛ
ds
],
d2Λ
ds2
〉
.
Let V (s) be an arbitrary tangent vector at a frame-periodic horizontal Darboux curve
g(s). Then the directional derivative of f1 at g in the direction V is given by the
following expression:
df1(V ) = −i
∂
∂t
∫ L
0
〈[Z(s, t),
∂Z
∂s
(s, t)],
∂2Z
∂s2
(s, t)〉 ds|t=0
where the dots indicate derivatives with respect to s, and where Z(s, t) denotes a
field of Hermitian matrices such that
Z(s, 0 = Λ(s) and
∂Z
∂t
(s, 0) = V (s).
It follows that
df1(V ) = −i
∫ L
0
〈 ...
V , [Λ, Λ˙]
〉
+
〈
Λ¨, [V˙ , Λ˙]
〉
+
〈
Λ¨, [Λ, V¨ ]
〉
ds
= −i
∫ L
0
2
〈
[Λ¨,Λ], V¨
〉
−
〈
[Λ¨, Λ˙], V˙
〉
ds
= i
∫ L
0
〈
2(
d
ds
([Λ¨,Λ]) + [Λ¨, Λ˙]), V˙
〉
ds
= i
∫ L
0
〈
2[
...
Λ,Λ]) + 3[Λ¨, Λ˙], V˙
〉
ds.
Let V1(s) denote the Hermitian matrix such that
df1(V ) = ωΛ(V1, V ).
Then,
i
∫ L
0
〈
2[
...
Λ,Λ] + 3[Λ¨, Λ˙], V˙
〉
ds =
1
i
∫ L
0
〈[Λ, V˙1], V˙ 〉 ds
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which implies ∫ L
0
〈[Λ, V˙1] + 2[
...
Λ,Λ] + 3[Λ¨, Λ˙], V˙ 〉 ds = 0.
When V˙ = [Λ, C] the above becomes∫ L
0
〈[[Λ, V˙1],Λ] + 2[[
...
Λ,Λ],Λ] + 3[[Λ¨, Λ˙],Λ], C(s)〉 ds = 0.
Since C(s) can be an arbitrary curve with C(0) = 0 the preceeding integral equality
reduces to
[[Λ, V˙1],Λ] + 2[[
...
Λ,Λ],Λ]) + 3[[Λ¨, Λ˙],Λ] = 0.
The Lie bracket relations in Lemma 3 imply that
V˙1 + 2(〈
...
Λ,Λ〉Λ−
...
Λ) + 3〈Λ¨,Λ〉Λ˙ = 0.
Now it follows by the arguments used earlier in the paper that the Hamiltonian flow
Xf1 satisfies
∂Λ
∂t
= 2(
...
Λ − 〈
...
Λ,Λ〉Λ)− 3
〈
Λ, Λ¨
〉
Λ˙).
Thus part (a) is proved.
To prove part (b) it is required to show that the Poisson bracket of f0 and f1,
given by the formula
{f0, f1}(Λ) = ωΛ(V0(Λ), V1(Λ)) =
1
i
∫ L
0
〈Λ(s), [ ˙V0(s), V˙1(s)] ds
with V˙0(Λ) = i[Λ¨,Λ] and V˙1 = −(2(〈
...
Λ,Λ〉Λ−
...
Λ) + 3〈Λ¨,Λ〉Λ˙), is equal to 0.
An easy calculation shows that
[V˙0, V˙1] = i(2(
〈...
Λ, Λ¨
〉
)−
〈
Λ, Λ¨
〉
〈
...
Λ,Λ〉)− 3
〈
Λ¨,Λ
〉〈
Λ¨, Λ˙
〉
)Λ.
Hence,
{f0, f1} =
∫ L
0
(2
〈...
Λ, Λ¨
〉
− 2 〈Λ,
...
Λ〉
〈
Λ, Λ¨
〉
− 3
〈
Λ, Λ¨
〉〈
Λ˙, Λ¨
〉
) ds.
The integral of the first term is zero because 2
〈...
Λ, Λ¨
〉
= d
ds
〈
Λ¨, Λ¨
〉
.
Since 2
〈
Λ, Λ¨
〉
〈Λ,
...
Λ〉 = dds
〈
Λ, Λ¨
〉2
−2
〈
Λ, Λ¨
〉〈
Λ˙, Λ¨
〉
, the remaining integrand re-
duces to one term −
〈
Λ, Λ¨
〉〈
Λ˙, Λ¨
〉
. But then 1
4
d
ds
〈
Λ˙, Λ˙
〉2
=
〈
Λ, Λ¨
〉〈
Λ˙, Λ¨
〉
because〈
Λ˙, Λ˙
〉
= −
〈
Λ, Λ¨
〉
, and part (b) is proved.
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Theorem 11 Suppose that Λ(s, t) = R(s, t)B1R
∗(s, t) evolves according to the equa-
tion (75) where R(s, t) is the solution of
∂R
∂s
(s, t) = R(s, t)
(
0 u(s, t)
−u¯(s, t) 0
)
, R(0, t) = I.
Then, u(s, t) is a solution of
∂u
∂t
− 3|u|2 ∂u
∂s
− 2∂
3u
∂s3
= 0. (76)
This theorem is proved by a calculation similar to the one used in the proof of
Theorem 9, the details of which will not be reproduced here.
Equation (76) is similar to the modified Korteweg-de Vries equation ( R.Abraham
and J. Marsden ([1]))
vt − 6v
2vx + vxxx = 0 (77)
with some notable differences. Equation (76) is a complex equation while the modi-
fied Korteweg-de Vries equation is a real equation. Because of the difference in sign
in front of the third derivative it is not apparent that equation (76) is the complexi-
fication (modulo some homothetical transformation) of the equation (77). It remains
an intriguing question if there are any connections between the Korteweg-de Vries
equation and the elastic curves.
Functions f0 and f1 also appear in a paper on integrability of the non-linear
Schroedinger’s equation by C. Shabat and V. Zacharov ([18]), as first noticed by
J. Langer and R. Perline ([14]), but in a completely different context. The first two
integrals of motion in the paper of Shabat and Zacharov are up to the constant factors
given by the following integrals:
C1 =
∫ ∞
−∞
|u(s, t)|2 ds, C2 =
∫ ∞
−∞
(u(s, t)) ˙¯u(s, t))− u¯(s, t)u˙(s, t)) ds
where they are interpreted as the number of particles and the momentum. To see
that C1 and C2 are in exact correspondence with functions f0 and f1 assume that the
Darboux curves are expressed by reduced frames R(s) as in Definition 5.1 i.e., as the
solutions of
dR
ds
(s) = R(s)U(s) with U(s) = u2(s)A2 + u3(s)A3
Then,
f0 =
1
2
∫ L
0
||Λ˙(s)||2 ds =
1
2
∫ L
0
||[B1, U(s)]||
2, ds =
1
2
∫ L
0
|u(s)|2 ds.
Hence, C1 corresponds to
∫ L
0
κ2(s) ds. Furhermore, f1 =
∫ L
0
k2τ ds can be written as
f1 =
1
2i
∫ L
0
(u(s) ˙¯u(s)− u¯(s)u˙(s)) ds
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because
i
〈
Λ, [Λ˙, Λ¨]
〉
=
〈
[[B1, U ], [B1, U˙ ]], B1
〉
= Imu¯u˙,
and therefore f1 corresponds to C2.
In the language of mathematical physics the vector
∫ L
0
Λ(s) ds is called the total
spin ([5]). In this paper it appears as the moment map discussed in the previous
section. It is a conserved quantity since the Hamiltonian is invariant under the action
of SU2. This fact can be verified directly as follows:
∂
∂t
∫ L
0
Λ(t, s) ds =
∫ L
0
∂Λ
∂t
(t, s) ds = i
∫ L
0
[
∂2Λ
∂s2
,Λ] ds = i
∫ L
0
∂
∂s
[Λ, Λ˙] ds = 0.
The third integral of motion C3 in ([18]), called the energy, is given by
C3 =
∫ ∞
−∞
(|
∂u
∂s
(s, t)|2 −
1
4
|u(s, t)|4) ds.
It corresponds to the function
f2 =
∫ L
0
(||Λ¨(s)||2 −
5
4
||Λ˙(s)||4) ds =
∫ L
0
(
∂κ
∂s
(s)2 + κ2(s)τ 2(s)−
1
4
κ4(s)) ds.
Functions f0, f1, f2 are in involution, i.e., they Poisson commute pairwise. There is a
hierarchy of functions that contains f0, f1, f2 such that any two functions in the hier-
archy Poisson commute. For instance, D.Krepski has shown that f3 =
∫ L
0
τ(s) ds is in
this hierarchy, and he has also shown that the flow of the corresponding Hamiltonian
vector field generates the curve shortening equation ([4])
∂Λ
∂t
(s, t) =
∂Λ
∂s
(s, t) = κ(s, t)N(s, t).
A detailed investigation of this hierarchy of Poisson commuting functions and its
relation to the hierarchies obtained by Langer-Perline and Shabat-Zacharov will be
deferred to a separate study.
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